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THE GALOIS THEORY AND THE SOLUTIO~r OF EQUATIONS 
For some time the solution of all algebraic equations 
il by the use of radicals was generally assumed possible. Then 
II one or two mathematicians proved, not rigorously, that for 
il general algebraic equations above the fourth degree such a 
h q 
I' :! solution was impossible. 
'i 
But the greatest advance in this 
il work was made by Evariste Galois. He proved by the theory 
~~ 
II of groups that such equations could not be solved by the use 
il of radicals. 
\I 
ii An introduction to this work has been presented in a 
•I [)previous paper. 
,, 
In this previous paper the theory of domains 
II ll was developed in the following manner: definition of domain, 
li 
!I adjunction of numbers to a domain, discussion of different 
t types of numbers, and proofs of theorems on roots of equations 
h 
II and, in conclusion, the finding of the Galois domain. 
II 
'l This paper aims to continue with the theory from this 
ii 
Jl point. Substitutions and substitution-groups are first dis-
I cussed. Then the Galois domain is determined, and it is 
I 
I 
1 proved that t'he Galois domain is a normal domain. An aux-
' 
jj iliary equation, the Galois resolvent, is then introduced, and, 
!j finally the Galois group of an equation is determined. ii 
\1 Thereupon, this group is reduced by the adjunction to the !i 
il domain of roots of cyclic equations until the group is finally ,\ 
1\ the identical group. When the degree of the equation is \\ 
I! 1 
II :! ~ I , '
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greater than four, it is shown that such a reduction of the 
Galois group is impossible, and the equation cannot then be 
solved by radicals. There are certain equations, hqwever, of 
1: 
II 
II 
:I 
\I 
II 
I! degrees higher than the fourth that can be solved by radicals, \i 
,I 
I! 
II li 
but these are special equations. 
The following is a list of the Theorems, I-VII, proved by ji 
Joseph Spear in hie thesis on The Galois Theory of Algebraic ~ 
I· Equations (an elementary introduction) and used in this thesis. 11 
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THEOREM I 
Given P(x) and F(x), two functions whose coefficients are ij 
· all in the domain R, so that P(x) = 0 and F(x) = 0 are both II 
.I 
equations in the domain R 1 and if P(x) = 0 has a root which sat{ 
li isfies F(x) = O, and if P(x) is irreducible in domain R, then 
all the roots of P(x) - 0 satisfy F(x) = o. 
THEOREM II 
Every number N in the domain R(a) of the nth degree is 
the root of some equation of the nth degree in R, the other 
:·roots of which are the remaining numbers N1 , N2, ---, Nn-l 
conjugate to N. 
THEOREM III 
Every number of the domain R(a) can be expressed as a 
function in R of any primitive number N of the domain R(a)· 
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!i' THEOREM IV 
'II !'1: li If N is primitive in R(a), then the set of conjugate li 
II jl 
l:
i numbers N, N.1 , N2, ---, N~-l are roots of an irreducible 1\ 
l
i,,,· li equation in R, S(x) = 0 of the nth degree; if N is imprimi tive,li 
II 1,,1 
11 
then these numbers may be divided into n1 sets of n2 equal 1, 
II
,,· !I j! 
1 numbers in each set, and S(x) • 0 is the n2th power of an i; 
I II l irreducible equation of the n1 th degree. 11 
'I if 
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II 
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THEOREM V 
A primitive number of a normal domain of the nth degree 
is a root of a normal equation of the nth degree. 
THEOREM VI 
An number in a domain R(a) can be expressed as a function 
of a in R. 
THEOREM VII 
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1: 
If r is a root of a normal equation, then R(r) is 
lJ 
a normalli 
il 
II domain of the same degree as that of the equation. 
·substitutions 
If, in the arrangement of the four numbersl, 2, 3, and 
4, we wish to replace each number by one of the others, this 
process is known as substitution and may be represented by the 
II 
II I! 
n 
I\ 
H 
li 
li 
. :i 
\l 
ii ~ notation (1 2 3 4). This notation means that each number is 
i' I! 
II 
!I il q 
to be replaced by the one following and the last is to be I! II 
i! =-~~-=f==~"=~=-== 
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li 
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~ replaced by the first; that is, 1 is to be replaced by 2, 2 by ~ 
li 3, 3 by 4, and 4 by 1. The letters wil1 now be in the arrange-lj 
II 
ment 2 3 4 1. The notation {1 3 4) will give the arrangement li ,, 
I' II 
II 
J! 
3 2 4 1, and the notation 1 Will give the identical arrange-
ment of the numbers which will be 1 2 3 4. 
I 
Product of Substitutions l II 
II If we now have the substitutions (1 2 3)(1 3 4), we mean II 
that at first 2 is to replace 1, 3 is to replace 2, and 1 is to!: 
replace 3 in the original arrangement giving the new arrange-
jl 
,I 
ment 2 3 1 4. Now we perform the substitution (1 3 4) upon 
this result, and we get the final arrangement 2 4 3 1. This 
placing of two substitutions together indicates the product 
of the two substitutions. 
This product may be written as a single substitution. 
place of the two substitutions (1 2 3){1 3 4), we may write 
the single substitution {1 2 4). In our two substitutions 1 
is to be replaced by 2, and 2 is not replaced in the second 
,I 
II 
II II 
:I 
II 
II il 
II 
In I, 
!I ;I 
I. 
'I ll 
n 
'I I, 
11 
substitution. Therefore, 1 is to be replaced by 2 in the pro- II 
duct. Two is replaced by 3 in the first substitution, and 3 
is replaced by 4 in the second substitution Which means that 
l! 
/I 
I! d 
2 is replaced by 4 in the product. 
!I 
II jl 
Also 3 is replaced by 1 in ~ 
the first, but in the second 1 is replaced by 3; hence, 3 is q 
II 
unchanged in the product. In the second substitution, 4 is 
replaced by 1; hence, 4 is replaced by 1 in the product. There~ 
fore, the result of the multiplication is the substitution {1 2li4). 
il 
- 4 -
--=~--==== -r~~ 
II 
1\ 
I li 
J! 
II 
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Kinds of Substitutions 
(a) A substitution s in which an element is replaced by 
itself is called an identical substitution. Such a substi tu-
tion we have denoted above by 1. 
(b) A substitution, s-1 , which will restore the arrange-
ment of the elements due to another substitution back to their 
original arrangement is called an inverse substitution. 
(c) If we arrange the elements of the substitution 
{1 2 3 4 5) around a circle in the given order, the substitu-
tion means a positive rotation of the circle thru 360~ This 
~ 
type of substitution is called a cyclic substitution. 
(d) The cyclic substitution composed of two elements as 
{1 2) is called a transposition. 
(e) If a substitution can be broken into an even number 
of transpositions, it is called an even substitution. If the 
i! 
number of transpositions is odd, the substitution is called odd~ 
i 
As an example, take the substitution (1 2 3). It can be broken II 
:, 
into transpositions {1 2){1 3). Therefore, (1 2 3) is an 
!i 
even substitution. Also the substitution {1 2 3 4) can be ex- !i 
pressed as the product of (1 2)(1 3)(1 4). 
is an odd substitution. 
!i 
Therefore, (1 2 3 4) 
'i I! 
!i 
li 
/I Substitution Groups 
I If the three substitutions 1 1 (1 2 3), (1 3 2) have the 
I i property that the product of any two of them is equal to one 
I[ of the three, and also if the square of any one of the sub-
il 
==--~~t;=-=--~.~----~=.;:-.-
1! 
li - 5-
II 
1: 
li 
I! 
!! ji 
tl 
!I 
h il II 
------ - -- - - _ '=--=-=---=---=--=--=--=-=---=- =-========4=lL=-== 
'I 
li 
I! I 
stitutions are said to form a group. 
To test if 1, (1 2 3), (1 3 2) form a group, take the 
1: 
Product of tvio of the substitutions and also the square of one II II 
Jl 
of them. If the result is a substitution of the set, these 
substitutions then form a group. 
ii 
II I; 
li 
II 
1(1 2 3). The substitution 1 gives the original arrange- ll 
il 
ment of the elements as 1 2 3. Perform (1 2 3) on this, and we'~! 
., 
get the arrangement 2 3 1. This result may be obtained from I! 
the one substitution (1 2 3) which is a substitution of the set!l 
'I 
1(1 3 2). The substitution 1 gives the original arrange-
ment of the elements 1 2 3. Perform (1 3 2) on this, and we 
get the arrangement 3 1 2. This result may be obtained from 
!i'l 
1· 
1! II 
I 
I 
the singel substitution (1 3 2) which is a substitution of the 1! 
set. 
II 
(1 2 3)(1 3 2). Perform the substitution (1 2 3), and we li 
I' 
obtain the arrangement 2 3 1. Now perform the substitution 
(1 3 2) on this, and we get 1 2 3, the original arrangement 
of the elements. This result may be obtained from the sub-
sti tut ion 1. 
,I 
,, 
li 
II 
!) 
tl 
:i 
\! I' 
II (1 2 3) 2• Perform the substitution (1 2 3) on the elements 
I• 
il 
and we get the arrangement 2 3 1. 11 Again perform the substi tu- ii 
:I 
'I tion ( 1 2 3) on this result, and we get the arrangement 3 1 2. I: 
I\ This result may be obtained from the substitution (1 3 2), a 
substitution of our set. 
In a similar manner it may be shown that the 
result of (1 3 2) 2 may be obtained by the one substitution 
" 
I' 1: 
II 
II 
I' 
.I 
!l 
li 
II 
!l 
======="~--------='>-=-== 
II 
ii 
II 
'I 
I! 
" 
- 6 -
----
li 
I! 
II i; 
:I 
I 
'I ~! =-~- ==================·=· =-=-=--=· =====--=--·-"=· =-=-=~·-·--·-·---~-=-= 
11 
II ( 1 2 3). 
il From the above tests, it can be seen that 1, (1 2 3), 
I( (1 3 2) form a group. 
I I This table may be found useful in multiplying. 
I: N t t' li o a 1on 
1i Let 1 = 1 
II 
,I 
li 
li 
I! 
I' 
II 
ll 
(1 2 3) : A 
(1 3 2) = B 
ll 
1 1 
A A 
B B 
Table 
A B 
A B 
B 1 
1 A 
II 
I! 
The outer vertical column is one factor, and the outer 
\\ horizontal row is the other factor, and the product is found 
I within the table in the row and-column corresponding to the 
i 
i factors. 
I! 
Thus in our multiplication of (1 2 3)(1 3 2) which 
I is A x B, we get from the table 1, and this is one of the sub-
1 
1
1 sti tutions. 
I 
1 For another test of the group, take the product 1(1 2 3) 
I 
i! which is 1 x A, from the table, and we get A which, by our 
!i notation, is (1 2 3). This is again one of the substitutions. 
1: 
1! To show that· the square of one of the substitutions gives 
I! 
Jj a substitution in the set, take (1 2 3) 2, which is A2, and 
II 
1\ from the table we get B which, by our notation, is (1 3 2). 
II 
I! I~ ,, 
These results correspond with the results obtained above. 
The degree of a group is the number of different elements 
I' 
1! in the group, and the order of a group is the number of different 
I! 
ii li substitutions within the group. As the above group has three 
1: 
i! 
11 different numbers, it is said to be of degree three, and, as 
" li 
'~~~=~--- -·-- ----· -·--· -- . -·--·- ·== 
il 
i! 
I! 
II 
II ,, 
!) 
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rl 
II 
il 
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there are three substitutions, it is said to be of order three·JI 
ji 
II 
Kinds of Groups 
i! 
(a) If a symmetric function of elements is unchanged when !i 
1/ ,, 
the substitutions composed of those elements are operated upon II 
I 
I the function, the group of these substitutions is a symmetric 
group, and the function is said to belong to the group. 
a2a3 , and perform the substitutions 1, (a1a2a3), (a1a3a2), 
(a2a3 ), (a1a3 ), (a1a2 ) upon this function. The following 
results are 
ala2 1-
a2a3 .;. 
a3al .;. 
ala3 1-
a3a2 .;. 
a2al .;. 
obtained: 
ala3 1- a2a3 
a2al .;. a3al 
a3a2 .;. ala2 
ala2 I- a3a2 
a3al I- a2al 
a2a3 1- ala3 
Substitution 1 
Substitution 
Substitution 
Substitution 
Substitution 
Substitution 
(ala2a3) 
( al a3a2) 
( a2a3) 
(ala3) 
(al a2) 
'I 
II 
,I 
li 
li 
!i 
I! 
I! 
:I 
il 
II 
!I 
II 
ii 
II 
!I 
lr 
I! )i 
I 
i 
I 
II The function has not been changed by any of the substi tu- \i 
,! 
tiona and, therefore, the group is a symmetric group and the 
function belongs to the group. 
(b) If the sign of a function of n different elements is 
changed by an interchange of any two of the elements, the 
function is called an alternating function. 
As an example, take the discriminant of the equation 
II 
li p il 
I! 
:! 
!I 
1\ 
/I 
11 il 
~! 
II 
II 
II p (x) = 0 of the nth degree. Let the roots of the equation be !j 
I, 
al, a2, ---, ~· Then D • (al - a2)2(al - a3)2 ___ (Bn-m- Bn)2!1 
!! 
- 8 -
ir 
-- r~-~0=-== 
i! 
'I I· ~I 
II 
!i 
I ~ 
·'·===-,-· "·~~~~ .. ;;;;:;_;;;;;;~:;;;;;~-;;;;;.============== 
i 
' 'li' .. -
li or Uj) = 
I any two 
I 
(a1 - a2 ) (a1 - a )---(a - a )·. By interchanging 3 n-m n 
of these roots, the sign of the function will be 
li changed, and the function is then an alternating function. 
I' )i 
il !, 
ll 
1: 
,I 
I! 
:I 
II 
II 
thisli 
ti 
Furthermore, if an even substitution is operated upon 
II 
II 
II 
function, the sign of the function will not change for an even 
substitution means an even number of transpositions, and, 
II 
II 
ii 
'i 
I \I The group com- li ,, therefore, an even number of changes of sign. 
posed of these even substitutions is called the alternating 
group of the nth degree. 
1\ ii 
1: 
I' 
,! 
:1 II 
(c) From the definition of a group, the powers of any sub-!) 
II 
stitution form a group. We can easily verify this by finding 
the powers of the robstitution (1 2 3). As shown previously, 
II 
Ji 
:( 
,, 
n 
!1 
we find (1 2 3)2 is (1 3 2~. (1 2 3)3 equals 1. If these sub-!i 
,; 
\ stitutions 1, (1 2 3) and (1 3 2) form a group, the product 
1/ of any two of them or the square of any one should give one of ;; 
'
I the group. It has been shown above that these substitutions 1
1
1 
4 
1 
meet these requirements. Notice that, if we take (1 2 3) = 
! (1 2 3), we do not get a new substitution, and the highest 
power in our group is 3. · 
The group composed of the powers of a cyclic substitution 
is called a cyclic group. 
(d) In the group 1, (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)--
1 first, 1 is replaced by 2; second, 1 is replaced by 3; third, 
\11 is replaced by 4. That is one number by the substitutions 
II is changed into every other number in the group. Such a group 
r 
1\ is called transitive. 
Jl ==~.~L-========= 
II · 
i 
9 
not apply is called intransitive. 
(e) If we have now a transitive group of six 
such as 1, (1 2 3 4 56), (1 3 5)(2 4 6), (1 4)(2 4)(3 6), 
(1 5 3)(2 6 4), (1 6 5 4 3 2), and, if we divide the digits 
il I· 
II ,, 
il li 
il 
II into the two sets 1, 3, 5 and 2, 4, 6, then we notice that the 
11 I• 
three substitutions (1 2 3 4 56), (1 6 5)(4 3 2), (1 4)(2 5) 
' (3 6), giving the following arrangement of the elements 
2 3 4 5 6 1, 6 4 2 3 1 5, 4 5 6 1 2 3, replace the digits of 
one set by those of another. Also, from the substitutions 
(1 3 5)(2 4 6), and (1 5 3)(2 6 4) we notice that the digits 
II 
II 
11 
I! 
il 
ij 
li 
li 
.I 
I! li 
,I 
i! 
of each set are interchanged among themselves. ,I This group is li 
1\ 
called imprimitive. !l li 
:1 
li A transitive group whose elements can be divided into sets 
~~ 
of an equal number of elements in such a way that every elementil 
'I !I 
of one set is replaced by an element of the other set, or the ~ 
!j 
elements of one set are interchanged among themselves is an 
imprimitive group. Otherwise, it is primitive. Such a 
II 
'I I! 
!/ 
I' 
11 
Since the elements of ~ primitive group is 1, (1 2 3), (1 3 2). 
the transitive group must be divided into sets of an equal 
i: ,, 
!i 
I! 
ol 
number of elements, no group whose degree is a prime number can: 
II 
be imprimitive. 
(f) If from within a group we can select another group, 
this second group is called a sub-group of the first. 
I! 
!I 
" I 
!! 
I! 
II ,, 
;I 
ii 
\I 
/I As an example of this we can find the sub-groups of the ·1 II 
group 1, ( xy )( zw) , ( xz) ( yw) , ( xw) ( yz). 
- 10 -
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'I \, 
ii 
:! ,, 
II 
ll 
I' 
,I 
'I 
p 
ll 
J' 
II 
II i: 
... ·Jl=~·======~~===============-=--=···=---=-~=======d-,--···· -
II 
r: 
The following substitutions form groups within the main 
II ji group: 
I! 
1, (xy)(zw) and 1, (xz)(yw), and l,(.xw)(yz). Each of 
jj 
l 
I 
i 
I 
li 
II 
'! 
l 
i 
I' I 
li 
jl 
these groups is called a sub-group. 
If there should be n sets of sub-groups and each set 
should contain m substitutions, the total number of substitu-
tiona will be MQ. Therefore, m is the order of the sub-group, 
and mn is the order of the group. The order of the sub-group 
is a factor of the order of the main group. 
If mn is the order of the group and m is the order of the 
11 
sub-group, the quotient mn is called the index of the sub-group~ 
m ~ 
(g) Isomorphic Groups. Given two groups G1 and G2; if for/i 
:f 
every substitution in G1 there is a corresponding substi tutioni! 
!/ in G2 , and if for a product of any two in one there is a i! 
corresponding product in the other, the two groups are called 
~I 
!' 
ii 
r: 
1/ 
li isomorphic. 
I! (h) Normal Sub-Groups. If G1 is a sub-group of G, and 
1: 
~; 
~~~ s any substitution of G which does not occur in G1 , the G1 and s-la s groups are called conjugate sub-grotps. The notation 1 
:· 
II I, 
'I 
lr 
II ,, 
substitution li s-1G1s means the result obtained by performing the 
j) s-1s1s on every s1 substitution of the group G1 • 
:,'i r--/ / 0 (___~:-
li 
li If G1 and s-la1s are identical, whatever the substitution 
ll II s is, then G1 is called a normal sub-group. 
I! 
II 
II Notation 
. The symbol Gm(n) means a group of degree nand order m. 
li The following are a few examples of the symbol: 
----~~-~"-- · --- r -----
,, 
II 
-I 
I 
! 
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li I\ 
s:srmsr·nr=m rrsnrrrnmn urns rr•r 
~'y~~ -~"~:ca>--: (~~,-~~1 ·--=~-=--~=-· ,=·-=(a=-~=-)=. ====-====,==== !'. 
G (3) I 6 • (abc) all !! 1, (abc), ( acb) , ( ab) , ( ac) , (be) • 1 I, 
G2 (
4 ) = (ac.bd); 1, (ac)(bd). II 
I' 
Galois Domain 
Given the equa.tion P(x) = 0 of the nth degree with n 
distinct roots (a, a1 , ---, ~-1 ), then the domain R (a, a1 , 
) obtained by the adjunction of all the roots to R*, is 
~-1 
called the Galois domain of the equation P(x) = o. However, 
, it can be shown that the adjunction of these several roots 
can be replaced by the adjunction of a single quantity. The 
I! 
t! ,, 
II 
'I II 
ll 
I' 
!I 
li 
---~~ 
,, 
II 
II 
I' 
I' 
!I ,, 
li 
II 
ll 
problem then is to find a quantity which by adjoining to R will!) 
II 
! replace the adjoining of the several roots, and yet tpe domain li 
II 
!i 
ji 
II ,, 
obtained will contain all the elements that it v;ould, if all 
the roots had been adjoined. 
I' 
,J 
If U is a primitive number of the domain R( I! 
a' al ' --- ' !I 
, then every number of this domain can be expressed as a \J 
rlln5fion in R of N, because, by previous theorem**, every num- \1 
,, 
ber of the domain R(a) can be expressed as a function in R of II ,, 
il 
any primitive number N of the domain R(a)" Therefore, a= il 
( ) ( ) I! f N , a1 = f 1 N , ---, an-l- fn-l (N), and a, a1 , ---, an-l II 
li 
belong to the domain R(N). Then R(a, a,, ---, ~-l) :; R(N) • lj 
As N is primitive in R(N), then th-e numbers N, N1 , ---, JJ j! 
N are roots of an irreducible equation in R, S(x) • 0 of the:i ~1 ij 
•R is consistently used as the rational domain. 
**Theorem III 
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IJ 
:I 
i' 
II jl 
.. ~-=~~~~ 
li il 
II 
I' 
i! ,, 
II 
!i 
, 
:I II 
I 
------- --~~ --- ----- ----------------~- ----- ----- ------.----~-~---~,~~--~----------- -~- ---------=~--.--~-----~-----~~---- --- ------ --------- ---.----------------------------- ;r 
,I 1! 
[j mth degree because by"previous theorem*, if N is primitive in ;i 
:l ii R(a)' then the numbers N, Nl' ---, Nn-l are roots of an 
:i irreducible equation F ( x) = 0 of the nth degree. _ Then N, a 
,j 
'I 
!i root, being a number in the Galois domain, can be expressed as 
:I 
ij a function of (a, a1 , ---, ~-l) in R; that is N = f(a, a1 , 
:1---, an-l) because by previous theorem"'*, any number in a 
H 
:1 domain R(a), can be expressed as a function of a in R. 
il 
!I Now consider all the permutations which can be performed 
ll 
ll on the a Is, taken all at a time. Since there are n a Is, the 
il 
1
1 number of permutations is nl Take any one permutation. Vfe may [j 
!i change it into any one of the other permutations by performing :1 
II a substitution on it. The nJ-1 permutations may also be [I 
\l :t 
!! changed into the same permutation, but the substitutions used :! 
ii 
~will not be the same. Therefore, there will be nl-1 different 
!I il substitutions. 
~I 
Adding the identical substitution, we will have 
li 
1jnl v~lues. So for _N we shall have the values N, n1 , ---, Nn!-l 
ll because, for every substitution, we shall have a value for U. 
il 
jl If we perform substitutions on these values, we shall get the 
I 
! same set of 111 s but in different order. Substitutions per-i formed on the N1 s is equivalent to two substitutions performed 
IJ on the a's, and by definition of a group the product of two 
II substitutions equals one ·of the group. 
11 Let us now write the equation: 
'I il 
il 
!I 
il 
il il 
ii !i li !I h 
II 
~~ 
I! 
II 
"'Theorem IV 
**Theorem VI 
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:I- ,_ ·-~ 
11 
/1 Expanding we get: 
M(y) ~ ynl f(-1) 1 (NfN1f---fNnl-l)ynJ-lf(-1) 2 (NN1fNN2f---f 
NNnl-l)ynl-2f---f(-l)nJ(NNlN2---NnJ-l). 
As was stated above, a substitution operated upon N, N1 , 
---, Nnl-l) did not affect the values of N1 s. Therefore, all 
the coefficients of the y 1 s are symmetric functions in R of 
the roots N, N1 , ---, Nnl-l' and by the relation above that 
N = f(a, ~~ ---, an_1 ), they are symmetric functions in R of 
a, a1 , ---, an-l· This can be seen if we interchange a, and 
a1 , then we interchange Nand N1 . But the interchange of N1 
and N does not alter the value of the coefficients of M(y) = 
2 
o. Since M(y) = 0 has coefficients which belong to domain R, 
and since a function whose coefficients belong to domain R is 
reducible in R, then M(y) is a function in R, and M(y) = 0 is 
an eauation in R, and its roots are numbers in the domain 
R (a, al, a2, ---' an-1)• 
Now N is a root of M(Y) = ·o and also S(x) = O. Also we 
have stated above that S(x) = 0 is irreducible. Therefore, 
all the roots of S(x) = 0 must be roots of M(y) = 0 because 
by previous theorem•, if P(x) = 0 and F(x) = 0 are both 
equa.tions in domain R and if P(x) = 0 is irreducible in R and 
has one root which satisfies F(x) = 0, then all its roots 
satisfy F(x) = 0. But all the roots of M(y) = 0 are numbers 
in R( ) • 
a, al, ---, Bn-1 
Then all the roots of S(x) = 0, the 
conjugate numbers N, N1, ---, N 1 , are numbers in R( m- a, a1 , 
*Theorem I 
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I~ 
II 
II 
1: 
ii 
====f:========================= =========-==-==--=-=--=-=-=--============~==== 
J! 
I! !! ---, 
II 
a 1). 
n-
\1 
li 
It 
By previous theorem• every number of the domain R( 
a, a 1 , 
can be expressed as a function in R of any 
---, ~-1' primitive number N of the domain R( )" 
a, al, ---, ~-1 
Now as 
the conjugate numbers N1, N2, ---, Nm-l are all numbers in 
R , they can be expressed as functions in R (a, al, ---, ~-1) 
of any primitive number N of the domain R (a' al, ---' ancl) • , 
As first stated N is a primitive number in R( ) !i 
a, al' ---, an-1 • :: 
Therefore, N1 = f 1 (N), N2 : f 2 (U), ---, Nm-l : fn-l (N). These n 
represent (m-1) numbers, N1 from domain R(N)' N2 from domain 
R(U)' ---, Nm-l from domain R(N)" Therefore, N1 , N2, ---, 
Nm-l all belong to the same domain, R(N)" It is not necessary 
then to add N1 toR for the domain R(N1
). R(N)is equivalent 
to R_(Nl) and similarly R(N) is equivalent to each of the 
remaining (m-1) dom'C~:~n~~1tJ definition .r;rf' a domain which is ' 
equal to all i tsi%'6~te:·domains is a normal domairu. R(N) thenjl 
is a normal domain. As R(N) is identical with the Galois domaip, 
j!l 
domain. li then the Galois domain R( ) is a normal 
a, al, ---, 8n-l 
The following is an example of the Galois domain. 
P(x) = x5- 1 = x4 f x3 f x2 f x f 1 = o. 
x-1 
Since this is a cyclotomic equation, it has been proven 
above irreducible. 
To find its roots, divide the equation by x2, as x ~ O, 
getting x2 f x f 1 f l f ~ : O. 
X X 
Rewirte adding 1 to each side. 
i! 
!1 
!' 
~-~-~-::-- __ 
I' 
I 
I Let X /- .!. : Y 
X 
Then x 2 /r 2 1- 1 
X2 
Substituting, we 
= y2 
get 
~~+-~-1-==-D 
'd ::::: - I t '(? 
~ 
x. -+-t- = -!+ r~ 
.,2_ 
)L =- ( -; + (?) -J:::_ v- /0 - .;l_ }13-
- I 
f 
r..- , · f/ 
.!> -- (... N- d- rr 
- '1-f 
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JL+-1~ JL. -
-1- (6-
-;t:= (-/- 1!,-).z 
J./ 
I! jl 
II 
=---=--=---=--=-=4========,======~~================= 
--11 
I 
,j 
II ,, 
II 
li 
II 
II 
,I 
II 
According to our definition of a Galois domain, it seems 
that we must adjoin all these roots to R to get the Galois 
domain R( )' By noticing our roots more care-
a, al' ---, an-l 
fully we see that by adjoining V s + r.;- we get a domain that 
includes the ($- because the square of V .5 + G- gives us the 
~ in the domain. Adjoining the ~ , we get by multiply-
ing .,---;:. V .5:' + rS- the result VI~ -r:;_- r5* One more element 
I, 
11 remains to be adjoined which is i. Therefore, by adjoining 
I! ~~ V5't-r? , and i we get R(a) and R(ai)" We do not need to 
II adjoin to R both roots a and a1 • Therefore, R(a) = R( ) • I ~ " 
1 By a similar adjoining of ~ YS-15, and i we get R(a
2
) = R(a3 );~ I / Since the Galois domain is also a normal domain, then 
ri 
I 
I 
II 
j! 
.j 
li II 
I 
R(a) = R(al) = R(a2) = R(a3)" 
In our problem it can be shown that a= a32. 
- _L - rs-- _)_ . V .r: 
LJ __. - t.. jtJ -~ rs-
1 I{ 't 
i. ( 1 + n ) (_ v /d - ~ rs- ) 
y 
17 
- --------
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_jl 
I! li. 
:I 
=-=1,;1:·- ==-=---=··-·-----
The resolvent has the following properties: 
t/ 
I' 
t! 
li 
1. S(x) = 0 is irreducible. In the proof of the 
I! 
Ji preceding theorem*, it has been shown that N, a primitive num-
li ber in the Galois domain, is the root of an irreducible equa-
[1 
~ tion S(x) = 0 of the mth degree. By previous theorem**, if N 
Ill! is primitive in R(a, al' ---, 
a )' then the numbers N, N1, 
n-1 
1.\ ___ , N 
1 
are the roots of an 
1 m-ii 
irreducible equation S(x) = 0 of 
ii the mth degree • 
jJ 2· Each root of P (x) = 0 as a, a1 , ----, an-l can be 
I' 
!I 
IJ 
li 
I 
I 
in R of one root, the primitive number a function 
expressed as 
f 
the equation S(x) = o. By previous proof***, every num-
N' o can be expressed as a function in R of 
f the domain R(a)' bel' o 
. number N of the domain R( )" Therefore, a, a1, 
anY primitlve a 
which are numbers in the Galois domain= R(N)' can 
Previous proof****, any number in the domain BY 
can be expressed as a function in R of 
As N is a primitive number in the domain 
- 19 -
nm 
'i 
II 
I ~~~~r=~=~=='-- - --· ---- - ==== ,---,.===--=-=-=--=--=-----=--=--=--=--=-=--=~--=--=---=--=--=-=-=======!b·· === 
[i As an example, take the equation x3 f. x2 f. x f. 1 = o. ~ 
!I II ~ Solving, we find its roots are: 
I! I 
li il 
l' 
ii 
II 
i' I~ 
a- -1, a - i, a - -i 
- 1 - 2 -
The Galois domain of our equation is R(i)• 
Also, N = i is a root of the irreducible equation S(x) = ii 
II 
i\ x2 1-
lr 
il 
1 = o. The conJ·ugate root is N..,..,.- -i. @-
II 
il 
I' 
Let N = F(r) = r2 1- r 1- 1 • i and N1 = F(r1 ) = r 12 1- r 1 t 1 
li 
1 = -i where r and r 1 are the roots of the irreducible equation! 
x2 f. 1 • o. As N is different from its conjugate N1 in the I 
domain R (i) 1 then by definition N is a primitive number of the 
1
! 
i: Galois domain R(i). Therefore, the eauation x2 1- 1 = 0 is the I 
Galois resolvent and possesses the required properties for: 
1. It is irreducible. 
2. The roots a = -i, al = i, a2 = -i are functions 
in R of i. 
3. We may express 
a2 by the relation i = a 2 2 
I 
i I 
!: THEOREM VI I I 
!i 
1 
N 
- i as a function in R of a, al, 
1- al 1- a = -1 f i 1- 1. 
The Galois resolvent is also a normal equation, and any 
I• 
!i normal equation is its own Galois resolvent. 
il ll 
n 
li DEFINITION 
II /i 
I 
r 
,I 
I 
A normal equation is irreducible and each root of the I 
equation can be expressed as a function in R of one of the root$. 
r 
II The Galois resolvent meets the first condition because one 
(i) 
r 
--.-=::----::·--:=-- ·r-.-~..:;;-_-:::-.-.:::...,,_-=::=.....,.--=.:.::::...·::-:-'~~-~=:o---~-....,..-·-:;-__:;_~-~~"'-""-::~.7""'=--:·· .. -
L 
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of its properties is irreducibility. 
We have also proved in the theorem,* a Galois domain is a 
normal domain, that all the roots of the Galois resolvent 
S(x) - 0 are numbers in the Galois domain R(a a A_ )' 
' 1' ---, -n-1 
which is identical with the domain R(N)' where N is a primitive!, 
i: 
number in the Galois domain and is a root of the resolvent. 
Therefore, each of the roots of the resolvent can be expressed 
as a function in R of the primitive number N, where N is also 
a root of the resolvent, of the domain R(N)' because by pre-
vious theorem** every number of the domain R{a) can be ex-
pressed as a function in R of any primitive number N of the 
This satisfies the second condition of our defi-
nition. 
Therefore, the Galois resolvent is a normal equation. 
'I ;• 
d 
'i ,, 
To prove the second part of our theorem, let P(x) = 0 be a 
normal equation having the roots N, N , ---, N 1• 1 n- Then R(N) 
is a normal domain for, by previous proof***, if N is a root of 
a normal equation, then R(N) is a normal domain of the same 
degree as that of the equation. Then P(x) = 0 is its own 
resolvent, for being a normal equation, it is irreducible and 
so satisfies property I. 
As ROi) is a normal domain, then R(N) :R(Nl) =--- = 
R(Nn-l) where N, N1, ---, Nn_1 are the n roots of the equation;\ 
*Page 15 
**Theorem III 
***Theorem VII 
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II 
il 
ll 
II 
'I k 
·==··-=· =----- ... ·-
I' 
P(x) = o. The adjoining of N to R is equivalent to the adjoinJI 
. li 
ing of any of the other (n-1) roots to R. Therefore, R(N) mus~j 
contain all the roots of P ( x) = o. Each root can be expressed I! 
II 
I' 
as a function of N in R for, by previous theorem*, any number 11 
,j 
in a domain R(a) can be expressed as a function of a in R. This: 
li satisfies property II. 
The domain R(N N N ) contains all the roots of 
' 1' ---, n-1 
P(x) = o. Therefore, any root as N can be expressed as a 
II 
1: ;: 
'I I; 
H 
II II l! 
function of (N, N1 , ---, Nn-l) by the previous theorem,** quote;f 
!I above. This satisfies property III. ,, 
Therefore, any normal equation is its own Galois resolvent'~ 
:I 
'I As an example of the first part of this theorem, take the li 
\· II equation: 
Solving, we find that its roots are: 
a= 1, a1 = i, a2 £;f 
The Galois domain of our equation is R(i). 
Also N = i is a root ~f the irreducible equation S(x) = 
x2 f. 1 = o. Its roots are N = i and its conjugate N. -i. 
Both are in R(i)• 
II 
H 
'I 
!j 
II 
II 
il 
II 
I• 
il 
!I 
I! II 
i! 
1\ 
Let N = F(r) = r2 f. r f. 1 = 0 and N1 = F(r1) 
1 = 0 where r and r 1 are roots of x
2 f. x f. 1 = o. 
1: 
ii 
= rl2 1- rl I-Ii 
il By definition of a primitive number, the N, being unlike 
its conjugate N1 , is a primitive number of R(i)• 
Then x2 f. 1 = 0 is the Galois resolvent for: 
1. It is irreducible. 
a. Each root of x3 - x2 f. x - 1 = 0 can be expressed 
*Theorem VI 
II 
b 
'I i: 
IJ !I 
II 
II 
II ,. 
1\ 
**Theorem YI ~-:. - __ ._ - .·-::-- -- -~-=":"":::--~=~--:-_;::::;-_;:;-_~.;__. il =jj~=-=~ 
li 
il 
- 22- II 
ti 
II 
!! 
II 
i 
I 
II i: ~~==========================" ===~"~"""~==~=--=== 
I 
! 
,j 
as a function in R of N by the relation a= N, a1 = N, N 
N : i can be expressed as a function in R of 
II 
II the 
I I 
4 4 " 
relation N = a2 f a1 - a= (-1) f (i) - 1 = i. 
Now as the Galois resolvent· is x2 f 1 = 0, this equation 
j should be a normal equation. 
! irreducible. If each root of x2 f 1 = 0 can be expressed as a 
We have already shown that it is 
I 
j function in R of one of the roots, the equation is normal. 
roots are N = i and N1 = -i· Therefore, 
x2 f 1 = 0 is a normal equation. 
To illustrate the second part of our theorem, take the 
equ"ation x4 f 1 = o. It has the roots a • v;;:_ l J +- i..) > 
;1.., 
r;_( ') - ,_,_ Q, 
;L ) 3 The 
equation is irreducible in the domain R. 
It can be shown that each root of x4 f 1 = 0 can be ex-
pressed as a function in R of one of the roots. It can be 
at once that a1 = -a. It can be shovm that a2 = -a
3
• 
= -..l...V.2..( , ."1- -3) I+ ~t.. + 3L +'-
¥" 
'(;_ ( ' 
- J+ 31- - 3 
J.f 
_,__ ) 
-G.( ') 
---zj - ,;)._+ ~ ... 
UoVT we can show tha.t a3 
3 
• a • 
= .;l.V"i.ll-t- 3 ~ -t3~~Z. 3 ) 
~ 
= 'l[b_l)+3~ -3- i.) 
s-f 
=- -ri_ I ') 
- ~,..r-t. 
~ 
in R of the root a. 
tion. 
Now, if it is a Galois resolvent, it possesses the three 
required properties: 
1. We have shown above that it is irreducible. 
2. We have also shown that each root a1 , a2 , a3 
be expressed as a function in R of one of the roots of a. 
3. It remains to show that a can be expressed as a 
function in R of the four roots a, a1, a2, a3• 
,, 
l ~ I' I! 
II 
fl ;: 
#= 
il 
II 
l'li I' 
11 Jl =====~===================-=····=·-=-~···=--~========~===== ===================-=·--~~====== 
I 
I 
li 
II 
II 
lj 
I! 
II 
I 
! 
I 
= V"i-( ') I+ t.. 
.:;l.. 
I Galoi:h::::::::t~he normal equation. x4 t 1 s 0 is its own 
I 
I 
I 
II TEEOREM IX 
! 
I If P(x) = 0 is a normal equation of the nth degree with 
:I a root N as a primitive number in the normal domain R(N), then 
I 
I 
the transposition (N Nk) causes each of the numbers conjugate 
to N to be replaced by some other of their own set, but no two ,I 
II ~ numbers are replaced by the same one. 
II By hypothesis P(x) = 0 is a normal equation of the nth 
II 
1
1
1 
degree and therefore, irreducible and N, a p~imi tive number in 
the normal domain R(N)' is a root of P(x) = o. The other 
~ roots of P(x) = 0 are the conj~ates N, N1, N2, ---, Nn-l 
~because by previous theorem*, if N is primitive in R(N)' then 
11 11 the numbers N, N1 , ---, N 1 are the roots of an irreducible I' n-
il equa.tion P(x) : 0 of the nth degree. As the domain R(N) is a 
\\ normal domain, all the roots of P(x) = 0 conjugate to N are 
II 
li 
" 
i\ 
*Theorem IV 
i! 
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r II 
,J 
!i il 
It II ====~~=================· !1---------
contained in this domain. 1' II 
By definition of a normal equation, each root can be ex-
pressed as a function in R of one root. 
ll 
II 
We then have N = f (N), II 
'I 
N1 = f 1 (N), ---, Nn-l = fn-l (N) where f, fl' ---, fn-l are 
functions in R. Take one of these functions as fj(U) andre-
place N by one of its conjugates Nk. We will now have fj(Nk). 
This is a conjugate of f.(N), a root of P(x) = 0. Therefore, 
J 
fj(Nk) is a root of P(x) = 0 because by previous theorem*, 
I! 
I! 
II ,, 
II 
,\ 
/I 
li 
I' 
II 
every number N in the domain R( a) of the nth degree is the root11 
of some equation of the nth degree in R, the other roots of ~ 
which are the ~emaining numbers N1, N2, ---, Nn-l' the con-
! jugates of N. ! This equals a root of P(x) = o1 Let this root 
be Nr. 
I fl (N), 
~ ~ 
If we substitute Nk in each of our functions, f(N), 
---, f 1 (N), each result will be a root of P(x). o. n-
Let us say that now N1 = f(Nk), N3 = f 1 (Nk), ---, Nr = fj(Nk)' 
.J 
I' 
ll 
II 
i! 
li il 
II I! 
li ,, 
li 
= ---, N = fn-l (Nk). We have now the same values we had before;; 
but in different order. Therefore, the transposition (N Nk) II 
caused each root to be replaced by one of its conjugates. 
How we must prove that none of the roots have been re-
placed by the same conjugate. Suppose that two of the func-
!i 
'I II 
II 
!I 
ii ,, 
ii 
'I 
tions after the transposition have the same value. 
~I 
;J 
Then f (Nk) \! 
;! 
= fi (Nk) or f(Nk) - fi (Nk) = o. A root of this equation is Nk,)l 
but Nk is a root of P(x) = o. Then all the roots of P(x) - 0 !I II )j 
are roots of f(Nk) - f 1 (Nk) = 0 because, by previous theorem**,~ II 
li if P(x) = 0 and F(x) = 0 are both equations in domain R and if I! 
II 
•Theorem II 
*Theorem I 
'I 
r• jl 
•I 
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II 
i! 
'I 
II 
ll 
II 
II 
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II P( x) = 
II 
o is irreducible in R and has one root, which satisfies !! 
11 F (x) - 0, 
II 
then all its roots satisfy F(x) = 0. Therefore, N 
1 is a root of this equation and we may write f (N) - f 1· (lJ) : O. 
Ill 
ll 
II 
I' 
But we have said that f(U) = N and fi (N) = Ni. Then we have U 
- Ni = o. But N can not equal Ni a.s N is a primitive number. 
Therefore, each function after the transposition gives a dif-
I! 
1! ferent result, and each root is replaced by· a different con-
/i jj jugate. 
il As an example of this take the normal equation, which we 
ji 
!I have used before: x4 .J. 1 = o. 
I Its roots are as ~(tt-L.) o_ ~ -_G-. (I+ L.) , ;;).... . ) 
(Ll- =- ~ ( 1- L) Q.~ .::... - V"':t.- (I -L.) 
d- ] ..,..3 3 
We have also shown that a1 - -a, a2 = -a , a3 - a • 
We may write the roots then by the series 
li 
II 
3 a, -a, -a , 
Now if we substitute a3 for a, we get the series 
!! 
!i 
!i ,, 
li ,, 
II 
'I 
'i il li I 
·I which become from our previous equalities and the 
I 
transposition/! 
il ,, 
1 (a a3 ) the series 
I' I i d 
I! 
ji 
li 
tl 
I' 
I! 
It 
.. !i 
. ·--p 
II 
l!i I 
I' !I 
a3 , a1 , a2 , a. 
Therefore, the transposition (a a3 ) changed the order of 
THEOREM X 
Every transposition (NhNk) in the normal domain R(N) is 
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!. 
il 
1: 
rr 
:! 1: 
li 
II ,, 
!i !i I I! ii 
II ~! 
tl 
equal to some one of the transposi tiona (N N1 ), (N N2), ---, 
(N Nn-1). 
As in the previous theorem*, let P(x) • 0 be a normal 
equation of the nth degree with the roots N, N1, ---, N • n-1 
As the equation P(x) = 0 is a normal equation, the roots are 
the normal domain R(N)• Then we can express each root as a 
function of one root of the domain. Take the root Nh• Then 
Nh = f(N). Now substitute Nj for N in the function, and we ~t. 
f(N j). This function equals some root of P(x) • 0; let it be li 
Nk. Now we have Nk = f(Nj). The transposition (N Nj) in the 
function gives the transposition (NhNk) in the root where any 
of the values 0, 1, 2, ---, (n-1) may be given to h, · k. and j. 
The value of k will depend on the value of j. Therefore, 
(NhNk) = (U Nj). 
Let us apply this theorem to the equation x4 - 10x2 t 1 = 
o. Its roots are a • ya:. -t- V3 > a_, = - ~ t- G ) o..'l...,. ~Vi- r::3 
We notice that a= -a2 = j 1 = -j3• Therefore, R(a) = 
R(al) = R(az) = R(a3 ) and R(a) is a normal domain. 
These relations of the roots are also true. 
a2 = a22 2 2 al = a3 
,) 
tr;;1...-+- 'f3 )?...= (- f;_-Y3)2- (- V.L--t- r3) ~ l~- t3) "L 
*Page 25 
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II 
j! 
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11 If we operate upon the right-hand !Jlember of these equations 
li with the tra.nsposi tion (a a ) and upon the left~hand with the 
I 2 2 2 2 I' i transposition (a a1), we get a1 • a3 and ·a = a2 • Therefore~ 
i I (a2a3) 
I 
I 
Substitutions of the domain R(N) 
Let P(x) = 0 be an equation of the nth degree with a 
primitive root N in the normal domain R(N) which is also of 
i the nth degree. 
! 
Since, by previous theorem*, every trans-
I position NhNk = N N1 , where i = (0, 1, 2, ---, (n-1), there ! 
il are, therefore, n distinct transpositions. But also, by pre-
!) 
'' vious theorem**, we proved that every transposition of the 
li 
!! form (N Ni) where i = 0, 1, 2, ---, (n-1) causes each number 
li conjugate to N to be replaced by another number of the set, 
li but no two numbers are replaced by the same one. There will 
I' 
\\ be n distinct terms in the resulting domain, but the domain 
ij will not contain any new terms. These transpositions are 
,, . 
\i called the substitutions of the domain R(N). 
ji If Nk = f(N) is not changed by the transposition (N Ni), 
,, 
j\ then Nk- f(Ni), and we say that Nk admits of the substitu-
1! tion (N Ni). This must not be confused with the expression 
\! 
j
1 
"belong to the substitution.« 
,, 
l! If a group of substitutions G1 which is within a larger ii 
I! group of substitutions G leaves the value of a function un-
,, 
): ,, 
• ii 
I 
l' 
I. 
p 
*Page 2? - Theorem X 
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i: . '1·. 
\l 
,, changed, but the value of the function is changed by the other !i \i 
d 
H substitutions of the larger group G, then the function is said I 
to belong to the substitutions. 
If Nk = f{N) is a primitive number, it is different from 
all its conjugates and Nk ~ f(N1 ). Therefore, a primitive 
number does not admit of the substitution (N Ni)• 
THEOREM XI 
The substitutions of the normal domain R(N) constitute a 
group of the order n. 
Take the two transpositions (NhNk) and (N Ni). We know, 
by previous theorem•, that {NhNk) = {N Ni). Multiply both 
sides of this equation by the transposition (N Nh). We have 
then (N Nh) (Nhlfk) :: {N N i) ( N Nh). The product {N Nh) {NhNk) : 
, (N Uk). Therefore, (N Nk) = {N N1 )(N Nh). 
I 
I 
I 
I 
11 
ll I 
Now the transpositions of R(N) are (N Nl), {N Nz), ---
(N Nn_1 ), and we have just shown that the product of any two 
~ 
ofil 
.I ~ " them gives a transposition in the set. By definition then, 
these transpositions form a group·of order n, as there are n 
different transpositions. 
THEOREM XII 
II 
il 
il 
II 
li 
II If the equation P(x) = 0 yields the Galois domain R{N)' 
1
. 
then there corresponds to the group of substitutions (N Nr) of I 
1 that domain a group of substitutions of the same order of the 1/ 
*Page 27 Theorem X 
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II =====-~-~-=--====== ==========================~===-=--=-===---==================~-~;~-· 
I roots of the equation, such that the product. of any two sub- ,, 
I stitutions (N Nr)(N Nk) of the domain corresponds to the pro-
1 
I 
I 
I 
I 
duct of the two corresponding substitutions of the roots of 
j P(x) = 0. 
!I I 
I 
I 
If P(x) = 0 has the roots a, a1 , ---, Bn-l' then the 
d main R is the Galois domain of P(x) = 0. 0 (a a - a )' 
' l' --, n-1 
If N is a primitive root in the domain, then as we have shown 
I 
I 
previously*, R( )= R( )• Let us say R(N) is a, a1 , ---, ~-l - N I of degree m. Therefore, N may be expressed as a function of 
11 (a, "J., --, an_1 ) for, by previ oua theorem• • , any number in a 
I domain R(a) can be expressed as a function of a in R. We may 
I
ii then write N = T (a, a1 , ---, Bn-l). Take any root as as where :. 
r s has any value o, 1, ---, (n-1). Then we may write as= fs(N) I 
1
1 by the theorem quoted above as a 8 is in the domain R(N). If we 
1l put the value of the roots in the expression for N, we have 
11 N = T[f(N), f 1 (N), ---, fn_1 (Nl], which has N as a root. 
\ Since N is a primitive number in the Galois domain R(N)' 
I then it is a root of the Galois resolvent S(x) = 0 of degree m 
1 whose other roots are the conjugate numbers N, N1 , ---, Nm-l• I Because, by previous theorem•••, if N is primitive in R(N)' 
\I then the num~ers U, N1 , ---, Nm-l are roots of an irreducible 
!I 
I! equation S (x) = 0 of the mth degree. 
I! 
li As the equation N = TLf(N), f 1 (N), ---, fn_1 (N)] has N as 
li II 
II 
1\ 
I! li 
*Page 12 
**Theorem VI ii 
~ ***Theorem IV ~~-~~~~===---"~~~~--~=--~-~c.c=.7==~~=~-=====~~-~-=--------'-- _ .. ==--=----~~~--===--------:-occ~c-.. ~'-'·'='·'··=-'-''= 
~ - 31 -I II 
il I' 
II I d :: 
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a root, then this equation and the resolvent S(x) = 0 have a 
root in common. Therefore, the conjugates of N are roots 
common to both equations, because if P(x) and F(x) are both 
II 
II 
,, 
f 
.I 
li 
I' equations in the domain R, and if P{x) = 0 is irreducible in R 11 
jl 
:'and has one root which satisfies F(x) = 0, then all its roots 
satisfy F(x) = 0. 
Now replacing N by any of its conjugates say Nr we have 
Nr = T[f{Nr), f 1 (Nr), ---, fm{Nr), ----, fn_1 (Nr)], or re-
placing it by Nk we have Nk = T[_f(Nk), f 1 (Nk), ---, fm{Nk), 
---' fn-1 (Nk U • 
Take any root of P(x) = 0 as am where m = 0, 1, 2, ---, 
(n-1) and write it as a function of N, am = fm (N). Substitu-
ting this value of the root for x in P(x) = 0, we have 
I I 
II 
It 
!! 
II 
II 
II 
II 
I
I 
11 
f(_rm(N)] = o. This equation has a root N which is also a root iJ 
II of the Galois resolvent S(x) = 0. Then all the roots of the 
II 
resolvent, the conjugates of N, are roots of P{x) = o. Take \\ 
[ ~ h the conjugate Nr and substituting we have f fm(Nr)J = o. Or, il 
if we should take the conjugate Nk, we would have f[ fm (Nk >] = o~\ 
li 
Therefore, fm(Nr) must equal some root of P(x) = 0 and similarl~ 
li 
for fm(Nk). We notice then that the bracket of Nr and Nk ~ 
above represents an arrangement of the roots of P(x) = o. The I! 
II 
two arrangements are not the same, for, if that were true, then 'I 
the value of Nr would equal the value of Nk. But Nr cannot I, 
II 
equal Nk for they are both roots of the irreducible equation li 
S{x) = o. In this work the n roots of P(x) = 0 are assumed to il 
ii ,, 
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!I 
I! 
-· 
ThiS li II 
II 
be distinct, the multiple roots having been divided out. 
i: 
applied also to S(x) = o. The two different arrangements amongi 
I' 
the roots means that there are two different substitutions jl 
J 
I! 
I' 
!I II 
among the roots. Nr might give the following arrangement: 
il Nr = F(a2 , an' a, ---, a1 ) which would mean the substitution ,, 
!l 
II ~ r 
il 
li (a a 2 ) (a1an). Nk might give the following: Nk = F(a, a3 , a 2 , 
jl a1 , ---, an) which would mean the substitution (a1a3 ). There-
:! 
j! 
!' 
,I 
II 
II 
ll 
li 
I! 
II 
li 
li, 
II 
" !' i: 
fore, by making two different substitutions (N Nr) and (N Nk) 
in the domain, we get two different substitutions among the 
I 
roots. 
!i 
" !I 
1, 
Since the roots are numbers in the Galois domain which is !I 
I' !i I; 
h 
l! 
of degree m, there can be only m different substitutions, so 
I, 
there are only m different substitutions among the roots. Alsd~ 
,, 
il 
there are only m substitutions in the domain of the form (N Nr )[; 
" 
where r = 0, 1, ---, (m-1). Therefore, there is a one to one I! 
I! 
:r 
correspondence between the substitutions (N Nr) of the domain 
and the substitution (a ~) of the roots. 
'I II j, 
Jl 
i! 
-I 
il 
ji In the group of substitutions (N N1 ), (N N2 ), ---, (N Nr) ,!! 
i! (N Nk), ---, (N Ni), (N Nm-l), if we take the product of any !/ 
li two as (N Nr )(N Nk), it equals (N Nm), another substitution of I! 
li 
:! !, 
the group. Now, if we take the product of the substitutions 
of the roots corresponding to these substitutions of the domain:~ 
the result will be a substitution of the roots corresponding 
to the result obtained in the domain. 
I! 
,\ 
!l 
II 
II 
i: 
jl 
-~•·=o=~----~--~~~==•=-== --------
-----------•=--== !: 
I' 
II 
1 ~
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j! Galois Group I I 
I I; 
II !: 
The group of substitutions among the roots of an equation 11 
corresponding to the group of substitutions of the Galois domaiA 
R(N) of that equation is called the Galois group of the 
il il 
II 
\i equation. These two groups of the domain and the roots are 1\ 
II II il also isomorphic groups. 1 
i! ' 
:i As an example of the correspondence between the substi tu- 11 
i ~ II 
I· tiona of the domain and those of the roots, take the equation: j1 
I 
x3 f 3x2f x - 1 = 0. The roots of this equation are: a : -1, 11 
al = -1 f ~ ' aa = -1 - rr . 
The Galois domain is obtained by adjoining ~ to R(l) 
and \Ye have R lfi.) . The Galois resolvent S(x) = x2 - 2 = o. 
Its roots are N :'(i._, N1 •- ~ • 
Now expressing the roots of the original equation as 
functions of N we have: 
a= f(N) = -N N 
al = f 1 (N) = -1 f N 
= = -1 - N 
! 
I 
·I 
II 
II 
II 
I 
II 
!I 
·I 
I 
I 
Substituting for Nits conjugate Nl' we have the following!! 
j, 
a2 f 2 (N) 
table: 
II 
f(N) = a f l ( N) : a1 f 2 ( N) = a 2 I : 
I 
f ( N 1 ) = a f 1 ( N 1 ) = ~ f 2 ( N 1 ) = a1 I I 
1
1 
Operating upon line I with the substitution (N N1 ), we get
1
1 
II. The arrangement of the roots a, a1 , a2 in line I has j 
changed to a, a2 , a1 in line II. Therefore, the substitution I 
~ · 1~~-
11 
(N N1 ) in the domain corresponds to the substitution (a1a2 ) 
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ii 
ll 
y 
ii 
!i 
i! 
I 
ii 
!i 
li 
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11 among the roots. 
li ii The substitutions in the domain 
\! 
I! 
li 
li correspond among the roots to 
ll 
li 
i' 
ii 
II 
r li. 
I! 
II 
li 
II 
ji 
,j 
1 
J! 
il II 
Because of the correspondence between the two group~, the~l 
li 
lil are isomorphic and group 1, (a1a2) is the Galois group of the II 
jl 1: equation. 
II " As a second example take the equation x4 - 12x3 f. 12x2 f. IJ 
J 
!! 176x - 96 = o. The roots are: 
" i i' 
11 a = 2 f. 2 l[f a2 - 4 f. 2 '13 1\ 
1i II 
II, 2 2 ,r:::; 4 2 \ r--="' j\ 
,, a1 = - v 7 a3 = - v 3 li II •' 
II \1, ~ ~ Ill The Galois domain is obtained by ·adjoining 1/7 and r 3 ji I' 
1/ to R(l). The Galois resolvent S(x) = x4 - 20x2 f. 16 = 0. Its ll 
roots are: 
N: f7+f3 
Nl = f7 -r3 
The roots of the equation may now be expressed as: 
Substituting for N in succession N, N1, N2, N3, we get 
following table of values: 
f 1(N) =a 
fl (Nl) = al 
f 2 (N) = a2 
f2(Nl) = a3 
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f 3 (N) = a3 
f3(Nl) = a2 
li 
II 
I' 
1l 
!/ I, 
'I II 
II 
'I ji 
'I 
! 
f(N 2) : ~ 
f(N 3 ) = a1 
= a 
= a 
f2(N2) = a2 
f2 (N3) = a3 
f3(N2) = a3 
f3(N3) = a2 
I 
I 
In the lines I and II, the substitution (N N1 ) operated on\ 
line I gives line II. The arrangement of the roots a, a1 , li 
a 2, a3 in line I has changed to a, a1, a3 , a2• Therefore, the I 
substitution (N N1 ) in the domain corresponds to the substitu- ! 
tion (a2a3 ) among the roots. Similarly in lines I and III, theli 
substitution (N N2 ) operated on line I gives line III. The ar_li 
rangement of the roots in line III is a1 , a, a2, a3• The sub- 1 
st i tuti on ( ll N 2) in the domain corre spends to the substitution 11 
(a a1 ) among the roots. And last of all comparing line I and 11 
1: 
ll 
IV, we find the substitution (N N3 ) operated on line I gives 
1 line IV. The arrangement of the roots here is a1 , a, a3 , a2• I' 
Therefore, the substitutions (N N3 ) in the domain corresponds t6 
Therefore, to the substitutions of the domain 
there correspond the substitutions among the roots 
Let us test the substitutions among the roots to see if 
i 
I they form a group. The product of any two should give a sub-
stitution in the set. 
'I II il 
!I !i 
II 
I! 
t' 
II 
'I I, 
I 
The product l(a2a3 ) = (a2a3 ) and the product (a a1 ) (a2a3 ) '' 
(a a1 )(a2a3 ). As both results are substitutions in the set, I 
1 the substitutions of the roots form a group. ,1 ·"···~·"·!·~ "·"·~·. - -:- . - --···· :-- , . . .. - :---.-_ -:;' _:;._·-:-:·: --. .. . ---~- .-::--- --_; ·.-·-·. --.:· ... ·:,-;-:.::._·~-:::----:::-: "":":~~:'":~:::-":" I 
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Because of the one to one correspondence between the 
domain group and the root group, they are isomorphic groups. 
Galois group of the given equation. 
THEOREM XIII 
If every function in R of the roots of P(x) = 0 as 
f(a, a1, ---, ~-1 ), which equals a number Min R, is operated 
on by every substitution of the Galois group of P(x) = 0, the 
function remains unchanged. 
If a, a1 , ---, ~-l are the roots of P(x) = 0, then by 
d~finition R( ) is the Galois domain of P(x) = 
a, al' ---, an-1 
o. We have shown previously* that, if n is a primitive number 
in the Galois domain, then R( ) = R • There-
a, a1 , ---, a.,.,_1 -· (N) li 
.... fl 
fore, any number in the Galois domain can be expressed as a /1 
function of (a, a1 , ---, an-l) or N in R because, by previous 11 
proof**, any number in a domain R(a) can be expressed as a ,J 
function of a in R. Suppose one of these functions of 
an_1) or N equals a number M in R as f(a, a1, ---(a, a 1 , ---, 
an_1 ) = T(N) = M, where f and T are functions in R, and .M is a 
number in R by hypothesis. We have the eque.tion T(N) - M = O, 
a root of which is N. But N, as previously stated***, is a 
root of the Galois resolvent S(x) = 0. Then all the roots of 
S(x) = 0, the conjugates N, N1, ---, Nn-l' are roots of T(N) -
•Page 12 
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II 
~I 
II 
li 
If 
,I 
:I 
I! i ~ 
11 
I! 
II 
I' d 
II I! 
'I 
\i 
ii i' 
i! 
i! 
ii 
lj 
l ~ 
I II 
!I I 
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'I 
l equations in the domain R and if P(x) = 0 is irreducible in R I 
I 
and has one root which satisfies F(x) = 0, then all its roots 1 
satisfy F(x) = o. Now substituting the conjugate Nk for N, we 1' 
II get T(Nk) - M = O. We see then that the transposition (N Nk) 
did not affect the value of M. But, by above proof**, to the 
group of substitutions of the domain there corresponds a group J 
j
1 
of substitutions among the roots. Then the corresponding group! 
.r I 
\! of substitutions among the roots will not change the value of II !I 
i! M. Therefore, substitutions operated on f (a, al' ---, an_1) 11 
!I will not change the value of M. II 
:1 I 
:I As an example of this theorem, take the equation in the 1 
previous example, x4 - 12x3 1- 12x2 f. l76x - 96 = O. The roots 1! 
,
1 
of this equation are: 
~I 
I 
1! 
" il 
:[ 
ll 
·I 
!\ v·le 
!I 
found the Galois group of this equation to be 
1, (a2a3 ), (a a1 ), (a a1 )(a2a3 ). 
Then a2 1- 4a1 f. 10 is a function in R of two of the roots. 
Substituting a and a1 , this function equals 50, a number in R, 
for (2 1- 2'{7 )2 1- 4(2- 2'{7) 1- 10 = 4 1- 8 f'7 t 28 1- 8-
8 r7 1- 10 = 50. Perform the transposition (a a 1), and we get 
il 
II !I 
II 
I 
I 
! 
i 
I 
I 
I 
11 
I 
! 
I 
I the function a12 I- 4a I- 10. Substituting the values for a and ji 
·I 
obtained in the previous problem, we have 4 - 8 0 1- 28 1- 8 1-11 
II *Theorem I **Page 30 - Theorem XII 
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ii 
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8 0 1- 10 = 50. Therefore, a transposition of the roots 
has not changed the value of the function. 
THEOREM XIV 
li 
Every function in R of the roots P (x) = 0 as f (a, a1 , --- !i 
It an-1) which is unchanged by the substitutions of the Galois 
group is a number in R. 
'I II 
I! 
1l ,, 
i: 
In the last theorem*, we showed that f(a, a1 , ---, ~-l) :i: !i 
Now \1 
by hypothesis f( a, a1 , ---, an_1 ) is unchanged in value by all \[ 
T(N) where N was a primitive number in the Galois domain. 
the substitutions of the Galois group. II By previous theorem**, ~ 
to the substitutions of the Galois group, there correspond 
\I 
!! 
I! 
q 
substitutions in the domain. Therefore, the corre spending sub- I; 
! 
1: 
stitutions of the domain will leave unchanged the value of T(N)~ 
I! Applying the substitution (N Ni) we get T(N) = T(Ni) where i = 11 
II 
0, 1, 2, ---, (n-1). T(N) is a number in the domain R(N) and II 
is the root of an equation of the nth degree, whose other roots !i 
!' 
are the conjugates of T(N) because, by previous theorem•••, il 
I 
every number N in the domain R( a) of the nth degree is the root li 
!I 
I of some equation of the nth degree in R, the other roots of 
which are the remaining numbers conjugate to N as N11 N2 , ---
Nn-l• But we have just shown that all these roots are equal. 
Therefore, the equation must be of the form [x - T(N~ n = 0 or 
X - T(N) : O. This is an equation in R. 
*Page 37 
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Therefore, T(N) is 
j! 
:! 
" li ii 
li II 
!' I! 
H 
It 
li 
! 
I 
I 
--- " ~,- ., -· .---·-:.•· .. ,,--~'-' ~-~-~--~-~"'"'~-~-~~~~~--="====~=-~=~-~·-···="-1·~~-~,=--~ 
a number in R. If T(N) is a number in R, then its equal 11 
f(a, a1 , ---, ~-l) is a number in R. 
As an example of this theorem take the equation P(x) = 
" 4 2 x - x - 2 = 0 with the roots a = Vi. , a1 = -~, a2 = i, 
= -i. 
The Galois resolvent of this equation is x4 - 2x2 f 9 
Its roots are: 
N:'{";:f. i N2 - 'f.i f i 
Nl =~- i N3 
-
V-:5. - i 
The Galois domain is obtained by adjoining ~ and i to 
, R(l). Expressing the roots as functions of N, we get: 
a= f (N) = N4 /- N3 - 2N 2 - 5N t 9 
-6 
f 1 (N) = N
4 t N3 - 2N2 - 5N t 9 
6 
a2 = f 2(N) = N
4 t N3 2N2 t N t 9 
6 
a3 : f 3(N) : N
4 t N3 2N2 t N .f. 9 
-6 
Substituting for N, its conjugates, we get the following: 
f (N) = a f 1 (N) = a1 f 2 (N) = a2 f 3 (U ) 
f(N1) = a fl (Ul) - al f2(Ul) = a3 f3(Nl) -
1 f (N2 ) - al fl (N2) = a f2(N2) = a2 f3(N2) -
f(N3 ) = al fl(N3) = a f2(N3) - a3 f3(N3) 
To the substitutions of the domain 
1, (N N1 ), (N N2), (N N3 ) 
there correspond the substitutions among the roots 
1, (a2a3 ), (a a1 ), (a a1 )(a2a3 ). 
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= a3 
- a2 
-
= a3 
= a2 
II 
I 
I 
I 
'I 'I 
I 
This group of substitutions among the roots ia the Galois group !i 
~I 
il 
li I of the given equation. II 
) 3 I 3 I 3 1 3 1, If f(a, a1 , ---, an-l = a r a1 r a2 r a3 , all of the 
substitutions of the Galois group will not alter the value of 
the function•. For example, using the substitution (a ~), we 
get f(a1 , a, ---, an_1 ) = a1
3 f a3 f a2
3 f a3
3 which is the 
same as the original function. 
Substituting the values of a in a3 f a1
3 f a23 f a33 , we 
get ( f.i /' + ( ~ 1~) :?> -t- ( l.) ~+l- i.. /-:. ::L '{?L_- .;J... ~ +- ;_ - L. = o 
which is a number in R. 
THEOREM XV 
A group G is a Galois group of the equation P(x) = 0 for 
the domain R whenever 
(A) Every function in R of the roots a(i)' which is a 
number in R, is unchanged by the substitution of G, and 
(B) Every function in R of the roots a(i)' which is un-
changed by the substitutions of G, is a number in R. 
We first prove that every substitution of a group G, 
belongs to the Galois group. 
Let N be a primitive number in R , and 
!' 
r: 
" li 
II 
I! 
1: )' 
-! 
1 (a, a1, ---, ~-1) 
II let it be expressed as a function in R of the roots of P ( x) = o'~ 
I where a, a1 , ---, ~-l are the roots. Then N = ca f c1a1 f 
II c2a2 f --- f cn-l ~-l where c, cl' ---, cn-l are indeterminate 
11 coefficients to which special values can be assigned so that, 
I
I by a permutation of the roots, different values of N are ob- : 
II .. 
~~==f!=~~=======o...~~~=~===•~==~==~~~-=-·~=~~~=~c=•·=~~~~~=-=~~·-~---•:.~.-•o·-~·--··---··· 
I - 41 - .. 
tained. There will be n different values of N obtained. We 
will therefore have n different equations in n unknowns from 
which the values of c, c1 , ---, cn-l may be obtained. 
a primitive number in R, it is a root of the Galois resolvent 
S(x) = o. Substituting N for x, we have S(N) = 0. Now sub-
stituting for N its values obtained above, we have S(ca f c1a1 
f c2a2 f --- f cn-l~-1 ) = o. We have a function in R of the 
roots which equals zero. 
I 
By a permutation of the roots, a substitution of group G, ! 
we get a different value for N; call it N • 
a 
By hypothesis A, 
1
1!1, 
There-11 
II 
the function is unchanged by a substitution of group G. 
fore, S(lq-) = S(N ) = 0, and N is a root conjugate to u. 
a a 
We 
find that to the substitution of the roots there corresponds 
the substitution (N Na)· This latter substitution belongs to 
the Galois domain for N as stated above is a primitive nmnber 
in R( 
a, al, ---, ~-1)• By our definition• of a Galois group, 
the substitution among the roots which corresponds to the sub-
I! 
'I 
li 
'I 
II 
II 
II ji 
.I 
II 
I' 
II ,, 
sti tution in the Galois domain belongs to the Galois group, or il 
,I 
belongs to a group within the Galois group. 
In the second place we prove that the Galois group is G 
it self. 
ii ii ,, 
h 
11 
ii 
Suppose the group G is of order m. 
I! 
II 
If we represent each ~ 
substitution by sk where k = 0, 1, ---, (m-1), we have s, s1, 
!l 
r 
i! 
---' sm-1• This means that s equals the substitution 1, s1 
equals the substitution (a a1 ) and similarly with the other 
*Page 34 
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ll 
II 
I' II II 
ii 
i! 
li 
-·~·----=if-~--===---= 
I' 
II 
II I 
II 
i 
j1 substitutions. . Applying each of these substitutions to the 
'1
1
, above function ca /- c1 a1 1- c2a2 I- --- /- cn-l ~-l= N, we shall 
get the following values of N: N, N , N , ---, N • Now 
I 1 2 ~1 
i! II take one of the substitutions and perform this substitution 
II 
11 on Nk. II 
II 
1 The result will be Nk • This value is the 1: same as that :1 
found by performing the substitution (sjsk) on N. The sub-II li 
li ·stitution ·(sjsk) equals one of the other substitutions of the 
!I group by definition of a group. The value Nk1 must be one of 
\I 
1
1 the values of N found by performing the m substitutions on N. 
II, Th f . f t h b t . t t . th e per orm~ng o e su s ~ u ~ons on e values N, N1 , ---, 
I Nm-l means only a permutation of the values of N. Now write 
I
I the function s1 (x). 
II s1 (x) = (x-N) (x-Nl) (x-N2)---(x-Nm-l) 
li 
1: 
" ., 
li 
~~ Expanding we get: 
II s1(x) = xm /. (-1) (N 'fiT N " .·l 2i: 
ii 
l: I f. 1- N N ) xm-2 m-1 
But we have shown above that the values of the N1 s are 
II 
ii 
li 
ii 
'I 
unaltered when substitutions of the group G are performed upon 11 
I! 
them. Therefore, the coefficients of the x•s are unchanged in II :• (! 
value when substitutions of the group G are performed upon themf 
I! !; 
Now, if we apply hypothesis B to each of these coefficients, 
we find that each of these coefficients is a number in R. By 
the definition of reducibility, if all the coefficients of a 
function belong to some domain, R, then the function is said 
to be a function in R. Therefore, s1 (x) is a function in R. 
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II 1 Now the Galois resolvent S(x) = 0 and S (x) = 0 have the 
I root N in common. Therefore, a.ll the roots of S(x) = 0 satisfy 
I s1 (x) = 0 • By previous theorem*, if P(x) = 0 and F(x) = 0 are 
I 
II both equations in the domain R, and if P (x) = 0 is irreducible 
~ in R and has one root which satisfies F(x) = 0, then all its 
i 
I roots satisfy F(x) = o. Hence, the degree of S(x) = 0 and 
s1 (x) must be the same. 
By definition**, the Galois group is the group of sub-
stitutions among the roots corresponding to the group of sub-
stitutions in the Galois domain R(N)• The degree of the Galois 
' group must be equal to the degree of the group of substitutions 
',I 
!I 
of the Galois domain R(N) which equals the degree of S ( x) = 0. 
The degree of s1 (x) : 0 equals the degree of group G because 
!I the roots of s1 (x) = 0 were obtained by substitutions of G per-
il II formed upon N. There are as many N''s as there are substitutions I 
II 
in G, and the number of N's determines the degree of s1 (x) = o. 
!I Therefore, the order of G and the Galois group must be the 
lj 
'I same as S(x) ::: 0 and s1 (x) = 0 are the same degree. Hence the 
,I 
, two gxoups axe the same. 
!I q 
:j 
:1 THEOREM XVI 
II 
'I An equation is reducible or irreducible according as its 
ll Galois group is intransitive or transitive. 
il 
i! Suppose the equation P(x) = 0 of the nth degree is reduc- ' 
1
1 ible, and P(x): F(x)h(x) = 0 where f(x), F(x), h(x) are 
'I 
:I 
:I 
I 
*Theorem I 
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li 
'I II 
I 
II ~=r"=i ================= :===-=--=--=-=-=-= --- ----- ---- (l 
11 functions in R. Let the roots of F(x) be a. a . ---. a • ~~ li , 1, , k-1 ii 
~ The roots of P(x) = 0 Will be the roots of F(x) with additional! 
II roots. The number of additional roots wi 11 equal the differenct 
II between n and k, the latter being the degree of F(x). Let these 
/1 additional roots be ak, ak,Ll' ---, an-r None of these addi-
11 tional roots will satisfy the equation F~.x) = 0, for they are I not roots included in the k roots of F(x) = o. By previous 
I, 
II proof*, every function in R, f(a, al' ---, an_1), which equals 
II a number in R, admits every substitution of the Galois group of[' 
~ P(x) = o. Therefore, all the coefficients of x of F(x) = 0, 
I which is a function in R, admit all the substitutions of the 
I 
II Galois group of P(x) = o. 
II of the roots of F( x) = 0 can be replaced by the additional 
As we have shown above, that none 
~ roots of P(x) = 0, then, for example, a cannot be replaced by 
II akfl· Therefore, the Galois group cannot contain the substitu-
!j tiona (a ak), (a ak,£1 ), ---, (a Bn-1 ). By definition** a 
li transitive group is one which one element is replaced by li 
I' ~ every other element. A group that does not possess this prop-
I! 
11 erty is called intransitive. Therefore, the Galois group 
I' il 
!! of P(x) = 0 is intransitive, as it does not contain the substi tu-
1: 
I
'! tiona of the form (a ak) . 
1
! Nov1 suppose the Galois group of P(x) = 0 is intransitive 
I! 
II and permits the permutations of only the following roots: 
'I II 
It 
I' 
j! 
:I 
1: 
1: 
i! 
li 
a, a1 , ---, ak_1 , and the roots ak, ak,£1,---, an-lcannot 
replace any in the first set: Let F(x) = (x-a) ( x-a1 )'--- (x-ak_1 ). 
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lt 
i I 
II 
· II -----==~--:·E·-~·-· - L [~ Expanding we get: F(x) = xk /- (-1) (a /- a
1 
/- /. a )xk-1 .J. II 
·: k-1 !I 
" (-1) 2 (a a1 /- a a 2 1- 1- a a 1 )xk-2.j. ---/- (-l)k(a a ---a \). k- 1 k-111 
The coefficients of the x' s admit the substitutions of the \1 
!' Galois group and are functions in R. By previous proof*, everyll 
'' function in R, which admits all the substitutions of the Ga+ois~~~ 
\ group, is a number in R. Therefore, all the coefficients of ~~ 
the x•s are numbers in R. By the definition of reducibility, r 
1:, ll 
i! if all the coefficients of a function belong to some domain R, 1,:
1 !.,! .. then the function is said to be a function in R. Therefore, 
111 F(x) is a function of x in R. As F(x) contains some of the jl 11 ~~ roots of P(x), it is then a factor in R of P(x), and P(x) = 0 ~ 
i: is reducible. 11 
J; To illustrate this theorem, take the equation P(x) = I 
jJ x3 /- 3x2 /- x - 1 = 0. ll 
,. II 
i.! We have found previously** that the Galois group of this 11 
,! 
,I 
!: 
tl 
'I 
equation was 1, ( a1 a 2 ) where a, a11 and a2 were the roots of li 
1,j 
ii the equation. This group is intransitive because no one element 
li " /: l, is replaced by each of the others by the substitutions of the 
i: 
!i group. Therefore, the equation x3 /- 3x2 /- x :.- 1 = 0 is 
II 
!i 
I\ 
!I 
II 
I' il reducible. 
j: 
,I 
I! 
II 
ij 
As a second example, take the equation P(x) 
II 
= x4 - 12x3 /- 1\ 
'I I,\'! 12 x2 /- 176x - 96 = 0. 
:I 
II 
li 
li 
We have also found previously*** the Galois group for 
II 
it equation is 1, 
I; 
I! 
II Hand I< ,, 
II 
a 3 are the roots of the equation. 
This group also is 
\I j! 
this 11 
·I 
I' II 
II 
*Page 30-Theorem ~ 
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=~t·-=====~~!Pag~~~~~~~~~------~-~~--~-,~ 
I'· - 46- II 
'I ~~ I I 
II 
. e..- ------ --~- ---- ------
-
\ 
)! 
II I; 
li 
!! 
li 
i! 
lt- '' 
_-:;;--=~---==-
1 intransitive for no one element is replaced by each of the 
others by the substitutions of the group. Therefore, the 
equation P(x) = x4 - 12x3 .f. 12x2 f. 176.x - 96 = 0, is reducible. I! 
11 
ll 
THEOREM XVII 
An imprimitive domain has an imprimitive group. 
II 
li I 
II 
II 
II q li Given the irreducible equation P(x) = 0 of the nth degree 11 
I,  with the n roots a, a1 , a 2, ---, an-l" Then the Galois group i\ ,, 
I' Let I \, of this equation is transitive by the preceding theorem. 
,, 
li ,, 
II the domain R(a) be an imprimitive domain; that is, let this 
domain contain imprimi ti ve numbers which are not numbers in the li 
II 
domain R, because, by the definition of an imprimi tive domain, \i 
!! 
it is one which contains imprimitive numbers except those in 
I domain R. 
1
1 
Suppose the number N equals f(a) where f is a function in 
R and also suppose it is an imprimitive number in R(a)" By 
;) 
,, 
I; 
1: 
\, 
" 
,, 
!: 
I It II 
il 
'I I, 
li 
previous theorem*, if N is an imprimi ti ve number, then its IJ 
conjugates may be divided into n1 sets of n2 equal numbers in 11 
li 
each set so that n = n1n 2• Therefore, the conjugates of our il I I! 
I N may be divided into n sets with each set containing n2 equal/i 
II numbers, the product of the two equaling the degree of P {x). I\ 
I 
!I 
1, If we write the n1 sets v:i th n2 numbers in each set, we shall il 
1 11 
1\ have the following table: li 
I 
li 
,I 
II 
II =""-:--=;::,--.......=~~===' 
'I 
II 
II 
II 
•Theorem IV 
!j 
- 47 
\\ ,, 
q 
\I 
II 
!I 
--
----------------------------------· 
-··--
- ·-- ··--
A = a, ~~ ---, 
B = b, bl, ---, 
-----· ----·--
--
a 
n2-1 
b 
n2-1 
II 
II 
II 
II 
'I lr= 
II 
ij I· 
II 
I! 
II 
li 
II 
X = x, xl, ---, xn2-l ~~~ 
From this table we can get the conjugates of. N as follows:IIJ 
N = f(a) = f(a1 ) = --- = f(an 2_1 ) 11 
!.'!' N1 = f(b) = f(b1 ) = = f(bn2_1 ) ~ 
N = f(c) = 2 ----
N - f(x) - f(x ) = --- = f(x ) n1-l - - 1 n 2-1 
If we consider the sets of roots as shown in the first 
table, we have the following sets of roots: a, a11 ---, Bu2_1 
and b, b1 , ---, bn2
_1 and c, c1 , ---, cn2
_1 and --- and x, x1 , 
x2, ---, ~2_1 • From the second table we notice that these 
sets of roots may be interchanged among themselves, and also 
all of one set may be interchanged with all of another set as 
the numbers are imprimitive. But no two roots of one set can 
be interchanged with one root from one set and one root from 
another set. As these roots are the roots that make up the 
Galois group, and as they possess the above characteristics, 
the Galois group is an imprimitive group because, by defini-
tion*, an imprimitive group is a transitive group which can be 
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l 
I 
! 
I! 
·I I, 
II 
jl 
.I 
il 
!/ 
! 
! 
' I 
!l 
I! 
li 
I! 
I! 1~/, ii ,, 
II 
I 
il 
II 
li 
'l I; 
,_ ~~'"~-------···-· 
Ill, ~,ill! replaces all of one set by all of another or the elements are 
1
1 
11. 
1
! replaced among themselves. , 
I I' 
I THEOREM XVIII II 
I The symmetric group of roots of the nth degree is the 11 
I Galois group of the general equation P (x) = 0 .of the nth degreell 
I I in the domain R, defined by the coefficients of P(x). 
1 I If P(x) = 0 is a general equation in R of the nth degree, ~ 
I
I there is not usually any relation between the roots as they are
11
1
1 independent quantities. 
I 
I 
&y a funda~ental theorem of symmetric functions, every I 
II rational symmetric function of the roots of an algebraic li 
J equation can be expressed rationally in terms of the coeffic- !i 
I 
I! 
lj ]i 
!I li 
!' II 
ients. Therefore, a symmetric function of the roots of P(x) 
will equal a number in R, as P(x) is an equation in R and by 
definition an equation all of whose coefficients belong to II 
R, is an equt'ltion in R. By definition, a symmetric group is a II 
II 
group composed of the elements of a symmetric function. A 
symmetric function is unchanged in value by the interchange 
of any two letters in the group and the symmetric function, 
therefore, will admit all the substitutions of the symmetric 
group. 
By previous proof*, a group is a Galois group of the 
equation P(x) = 0 for the domain .R whenever 
n 
" I! 
II 
II 
I 
I 
I 
II 
A. Every function in R of the roots, which is a number in \! 
*Page 41 - Theorem rl 
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!i l ~
ii 
!l 
'j) 
" 
ll 
ll 
r II 
II 
tl 
,j 
I• 
I' 
.I 
ll 
t! 
~l 
It 
Jl R, admits the substitutions of the group--and 
ll B. Every function in R of the roots, which admits the 
substitutions of the group, is a number in R. 
Both statements are true as we have shown above• for the I 
symmetric group, and therefore, the symmetric group is the 
Galois group of the general equation. 
As it is not always easy to determine the Galois group by 
i; 
11 the method previously employed, especially, if the roots of 
. il 
If 
i il 
I' 
"I 
!! 
!I 
il 
!t 
i ~,. 
,: 
!; 
i, 
the equation are not known, the following theorem furnishes a 
better means of determining the group. 
THEOREM XIX 
If a function, M in R, of the roots of P(x) = 0 is a 
number in R and belongs to a sub-group of the symmetric group, 
;
1
1· the Galois group for the domain R is either this sub-group or 
II 
11 one of its sub-groups. 
1: 
\i 
II 
By hypothesis, M is a function in R of the roots P(x) : 0 
I; 
'I li 
II ll 
I! 
and is a number in R. By a preceding theorem**, every function! 
in R which equals a number in R admits every substitution of il 
I! the Galois group. 
q 
li 
Therefore, M admits every substitution of 
II 
ll the Galois group of P(x) = o. By hypothesis M belongs to 
r II 
a subJ 
II 
II 
:
1 
g:toup of the symmetric group. This means that the substi tu-
By 1 tiona of this sub-group leave the value of M unchanged. 
1/ previous theorem*** every function in R of the roots of P(x) = 
II 
!j 
II 
li 
il 
ii 
*Page 49 
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!I 
fl il 
II 
" I' I 
0, which admits all the substitutions of the Galois group, is 
a number in R. Then M is a number in R. 
By previous theorem* a group is a Galois group of the 
equation P(x) = 0 for the domain R whenever 
A. Every function in R of the roots, which is a number in 1 
R,admits the substitutions of the group, and 
B. Every function in R of the roots, which admits the sub-
i 
! 
!I sti tutions of the group, is a number in R. 
I 
·I 
I 
As the group to which 
~ satisfies these properties 
II 
I 
M be longs, or one of its sub-groups, 'I 
as shown above, it is the Galois I 
!I 00'roup. 
ll I il 
!I 
!j 
I, 
I' !! 
il 
II 
il 
n ij 
II I 
I 
;l 
'I 
'I 
II 
Let us now apply the theorem to the following equations: 
(1) To find the Galois group for the domain R(l) of the 
equation x3 f 3x2 f 3x f 1 = o. 
The discriminant D = 27(3 f 6 - 1 - 4 - 4): o. 
By previous proof** the alternating function of the three 
ji 
II 
" II 
1: 
I! 
:j I. 
I 
I 
roots of the equation equals the square root of the discrimin- .I 
ant. This function also belongs to the alternating group. The~ 
!I 
;I M = (a - a1 ) (a -
·:.II of the equation. 
I 
a2)(a1 - a2) = 0 where a, a1 , a2 are the roots! 
II 
il 
!I 
'I 
sub-grot:p s. Now 
The Galois group is either a63 or one of its j 
a6
3 is composed of the substitutions 1, (a, 
1 
I 
Applying these sub-
stitutions to the function M, we find that M is unaltered by 
1 
il ii the substitutions 1, (a, al, az) and (a, az, al) but is 
li 
I 
altered,! 
!I 
i! il 
fj 
I 
!i 
.i 
-- ~i 
ll II 
d 
il 
lj 
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il ,, 
I! 
il n -~ 
II 
!I 
I! 
II 
II II 
I 
:I 
;j 
'I 
li 
!I I 
'I 
. r b; ·<~. ~~) .. · ( :· :~;·. .. (~~:2>. :·:~ ::;··:;: :·:::·:·· ., .. ~~"·~-~ ~r·~·~· 
,j M = (a- a1 ) (a - a 2 )(a1 - a 2). Substitution 1 ,, 
~~ M: (a1 - a 2 )(a1 - a) (a2 - a) Substitution (a, ap a 2).1 
1t An even number of changes of sign leaves the function unchangedj 
!I 
!I in sign and the va!Lue is unaltered. 
:1 M = (a2 - a) (a2 - a1 ) (a- a1 ) Substitution (a, a2 , a1 ). 
;I An even number of changes of sign leaves the function unchanged I 
;I 
II t 
:1 in sign and the value is unal ered. 
jl M = (a1 - a) (a1 - a 2)(a- a 2 ) Substitution (a a1 ). 
il The function M has been changed: 
I 
lf U: (a2 - a 1 ) (a2 - a) (a1 - a) Substitution (a a 2 ). 
!I The function !,! has been changed: 
'I 
! M =-(a- a 2)(a- a 1 )(a2 - a1 ) Substitution (a1a2 ). 
~! An uneven number of changes of sign leaves the function 
:I 
1
1 changed in sign though the numerical value remains the same. 
il 
il Then M must belong to Group G3 
3 which is composed of 
:i 
i!1, (a, a1 , a2 ) (a, a 2 , a1). As M is a,number in R, the Galois 
.I 
1 group then is the group G3 
3 or the identical group 1. As tre 
roots of this equation are rational, the Galois domain is the 
domain R. Therefore, the substitution of the domain will be 
the identical substitution 1. By definition of the Galois 
group, it is composed of the substitutions of the roots 
corresponding to the substitutions of the domain. The sub- I 
stitutions among the roots then must be the identical substitu-
tion 1. The Galois group of this equation is the group 1. 
I 
·'"---"··· ,--.~--~~-· r~--"'=----~~~-~---
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1 
(2) To find the Galois group for the domain R(l) 
.;.. 35 = o. equation x3 - 2lx 
The discriminant D = 27(-352 - 4(1)(-7) 3 ) = 63 2 
of the 
As we have shown above• the alternating function of the 
!i 
!;'---
i· 
'I 
I' :! 
1: I I· II 
II [I 
ll 
three roots of the equfltion equals the square root of the dis- ii 
!! L 
criminant, and the function belongs to the alternating group. 
where a, a1 , a2 are the roots of the given equation. Now the 
Galois group is either G6
3 or one of its sub-groups. The sub-
stitutions of G6
3 are 1, (a a1a2), (a a2a1 ), (a a1 ), (a a2 ), 
Testing the function with these substitutions we find 
M = (a - a1 ) (a Substitution 1 
The value of the function remains unaltered. 
II 
I' 
'I II 
I' I! 
ll 
Ji 
,I 
II 
I! 
:I 
II (; 
I! 
n 
]I 
1\ 
i' 
The value of the function remains unaltered as a double change li 
in sign does not change the sign of the function. 
Substitution (a, a 2, a1 ). 
The value of the function remains unaltered as a double change 
in sign does not change the sign of the function. 
M = (a1 - a)(a1 - a2)(a1 - a2) Substitution (a a1 ). 
The value of the function has been changed. 
M = (a2 - a1 )(a2 - a)(a1 - a) Substitution (a a 2 ). 
The value of the function has been changed because an uneven 
number of changes of sign changes the value of the function. 
*Page 8 
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li 
ii 
" II 
II 
'I I, 
:I 
,[ 
I 
i 
I 
i 
I 
II 
!I 
II 
ll 
li 
!I [I 
11 
II 
,, 
~ i 
I: 
,; 
II 
- I rr::rn?F wm rn••• 
I 
I 
i! 
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I The value of the function has been changed because an uneven 
1 number of changes of sign changes the value of the function. 
\ The Galois group is not G6
3 but is either G3
3 or 1. As 
I the roots of this equation are irrational, the equation is 
rl . not reducible in R and, therefore, the Galois group is transi-
: 
I tive and the degree of the group must equal the degree of the 
I 
I 
I 
i 
! 
equation. Our Galois group then cannot be the group 1, but 
must be G
3 
3 which is composed of the substitutions 1, (a a1 a2 ), 
(a a2a1 ) by which substitutions the value of the function was 
i unchanged. 
i 
I 
I 
li 
THEOREM XX 
II 
lj 
I 
If M, any function in R of the roots a, a11 ---, an_1 of 
1 
P (x) = 0 and a function belonging to group Q of order q, a sub-~! 
group of the Galois group, is operated upon by ·the Galois group! 
I I I ~ of order p, we obtain j different values of M Which are roots I 
II 
li 
j! 
li 
i 
! 
I 
of an irreducible equation of the jth degree in R, j being I 
equal to p_. 
q 
II 
If r is a substitution of the Galois group which does not 
occur in the sub-group Q and if s, s 1 , s 2, ---, sq-l are the 
I 
,I 
substitutions of Q, then by definition* of a group sr, s1 r, s 2r1~ 
---, s q-l r are the sub at 1 tut i one of the Galois group. By [I 
d I hypothesis the substitutions s, sl' s2, ---, sq-l o not change'i 
I 
the value of M as M is a function which belongs to the sub-
group Q. Therefore, the substitutions of the group sr, s1r, 
*Page 5 
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s 2r, ---, sq_1r will all produce the same result when operated 
upon M, which result will be due to only the substitution r. 
I As this r does not occur in the sub-group Q, we obtain a new 
I 
I 
I 
j 
I 
I 
I 
I 
value for H, call it M1 • There will be as many new values for 
M then as the number of times q is contained in p, call it j, 
for each substitution in the Galois group but not in Q will 
give a new value of M and no two will be the same. 
Suppose that two different substitutions do give the same 
value, the value MR is the result of the substitution s 1rm 
operated upon M, and the value Mx is the result of the sub- I 
II 
I 
I 
sti tutions s1rn operated upon M. By definition* of an inverse 1! 
Ill substitution, the operation of the inverse of the substitution 
I 
-1 !: (s1rn), denoted by (s1rn) , upon the result of the substitu- II 
l!..l 
tion (s1rm) should give M. Therefore, the product (s1rm)(s1rn)!l 
il 
II I I 
I 
is a substitution of the sub-group Q, call it sj. We have, 
therefore, the equality sj = (s1rm)(s1rn)-1 • Multiplying this 
equality by (s 1rn), we get sj(s1rn) = s 1rm or skrn = s 1rm 
where sj(s1 ) = sk is a substitution of group Q· The only part 
of these substitutions that will effect M is rn and rm. As M 
is unchanged then rn = But by supposition the two sub-
stitutions operated upon M were different. Therefore, the two 
values of M obtained cannot be the same. 
II 
II 
1
11 
II 
II 
I' I 
jl 
- Ma-1) 1 i Now write the function F(x) = {y- MHy- M1)---(y 
11 Expanding we get: · 
I F(y) = yj f (-l)(M f Ml f 
! f --- f M M . l) Y j-2 f 
I! J-L *Page 5 
i 
i 
I 
f Mj-l)yj-1 f 
f ( -1 ) j ( M M1lt2 ---
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i 
!I 
'i 
lj 
,I 
,, 
!! 
l 
II 
i! 
The coefficients of the y 1 s are symmetric functions of M, 
i M1·. i -4 ---, By definition of ,1~*, these are functions in R 
i 
! of the roots of P(x) = 0 and admit of the substitutions of the !' 
I II Galois group. These coefficients then are numbers in R for, lj 
1 by previous theorem**, every function in R which admits all the!,. 
substitutions of the Galois group is a number in R. 
Suppose that a function of y in R, T(y), vanishes for the 
value y = M. Then T(M:) = Q. As T(M) is a number in R, by 
li previous theorem***, it admits all the substitutions of the 
li d li 
ti 
I! 
li 
li 
r 
I 
Galois group. Therefore, T(M1 ) = 0 where i = 0, 1, 2, ---, 
(j-1). Therefore, T(y) cannot be of lower degree then jth. 
As all the roots of F(y) satisfy T(y), then T(y) is divisible 
by F(y). 
If F(y) is reducible, one of its factors would vanish 
for y = M. As T(y) is an algebraic function which vanishes 
for y = M, let T(y) be the factor. But we have shown above 
\i that this one factor is divisible by the whole product F( y). 
,) ,. 
j; As this is impossible F(y) must be irreducible. 
li 
!I 
II THEOREM XXI 
jj Theorem of Lagrange as generalized by Galois. Any number 
!) in the Galois domain which admits the substitutions of the 
t' 
I 
li. 
I' 
l: 
I' 
!i 
:1 
I~ )I 
1: 
l! 
il ,, 
Group Q is contained in the domain R{M~· 
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I We shall assume that M is the same function as defined I 
l above. Also as in the above, M has the following values when i 
! I 
operated upon by substitutions of the Galois group, P: 
M, M1, ---, Mj-1• 
Let 1? be any function in R of the roots a, a1, ---, ~-1 
of P(x) = 0 of the nth degree_which admits the substitutions of! 
Q, a sub-group of the Galois group P. Also- let any substitu- / 
tion of P operated upon M which produces Mk produce when oper-
ated upon M1 the result M1k. We shall have the following sets 
of values of M1 corresponding to those of M: M1 , M11, ---, 
' 1 
M1 . 1• These values of M are not necessarily different. J-
If substitutions of P should be applied to both these 
series of values, we should get a permutation in each series 
r 
I. 
'I 
I 
I 
1\ 
I: 
I' 
,! 
and every substitution in the first set which changes M1 to 
will change in the second set Ml1 to M
1r. 
!i 
1.~ li 
!! li 
I' I! 
Ml /- _A_r 1--:';1:--- /- ~~ 
Y-M y-Ml tl 
Now write the function S(y) = F(y) ( 
1 f. M il--l ) where F(y) is as defined above equal to (y-M) 
II Y-M. 1. (y-M1 )---(Y=Mj_1 ). 
the (j-l)th degree. 
Expanding we get: 
S(y) then is an integral function of y of 
S(y) : M1 (y-l.11 )(y-M2 )---(y-Mj-l) /- M
1
1 (y-M)(y-H2 )---(y-Mj-l) /-1 . 
--- M (y-M)---(y-M · 2 ) • j-1 J-
Because of the above property that every substitution of P 
which changes M1 to Mr also changes M
1
1 to M
1r, this function 
is unchanged by' the substitutions of P. The coefficients of 
the y's then are functions in R, and, therefore, by definition 
,, 
!; 
H 
-·-----------·---- ··-::~:;.·: _-:-·---:-~ .. - -ti --.--·_--·.·-
i• 
~ \ 
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. ,. 
1 S(y) is a function in R. 
I 
In the above form for S(y), let y = M. We then have I 
11 S (lt.) = M1 (M - 111 ) (M - M2 )--- ( M - Mj-l). By differentiation ~• Fl(M) = (M- M1)(M- M2)---(M- Mj_1 ). 
\ M1Fl(M) or M1 = S(M) • As M1 is equal 
i Fl<tn 
i of M, it is a number ~n. the domain R(M). 
II This theorem may be illustrated by the follovJing examples: I 
II )) 1. Given the general second degree eque.tion x2 /- ax /- b = o. I 
I! To find r3 - r 12 as a function of r in R(l) where r and r 1 are ·1 
/! the roots of the quadratic. Given that the Galois group P = 
:
1 
1, (r r 1 ). I, il 
l!l 
I· :: 
Take Q = 1 M • r Then 111 = r 1 • I 
Ml = r3- rl2. Then 1111 = rl3- r2. I 
r F ( Y) = ( Y - U) ( y - M1 ) • ( y - r ) ( y - r l ) • !
1 
.I 
; = y2- (r 1- rl)y 1- r rl. j 
I 1( 1 
li, S ( y) = M y - ~) .{. Ml ( y - M) i,. I :: (r3- rl2)(y- r1) /- (r13- r2)(y- r) 
il = r 3 y - r 2y - r 3r /- r 3 /- r 3y - r2y - r r 3 1- r3. I· li 1 1 1 1 1 
1: = (r3 1- r 1
3 
- r 2 - r 2 )y 1- (r 3 - r3r - r r 3 1- r3). 
n 1 1 1 1 
1 
\ r = -a /- \JCl.-- 'tC:. :r1 = -a - V o..-z-- 'fk li 2 2 
I! 
1: r
3 
= -4a3 I 3a2~ I 12ab / (a2 - 4b) · Va. ~ tfc. 
\l:r13 = -4a
3
- 3a2 ~-t-.f. 12ab- (a2- 4b) \[o.."- 'ilr-
~ 8 
II 2 2 ~ - 2 dr =a - 2aVo..-'fk .J. (a - 4b) r . 4 -
I! r 1
2 = a 2 .j. 2aVa. .. -'ft- .j. (a2 - 4b) 
i, 4 
- L ji 
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1
1 
r r 3 = sa2b - Bab '&---+lr - 16b2 r r 3 = sa2b t Bab V a.."'=-ot lr 1 ~ 16 1 16 
I S(y} ~ (3ab ~ 2b - a2 - a3)y ~ (3ab ~ 2b2 - a2b - a3) 
j F1 (y) = 2y - (r t r 1 ) = 2y t a 
SfM) :: (3ab .f. 2b - a2 - a3) M .f. 3ab f 2b2 - a2b - a3 
F (M) 2M 7 a 
cubic equation. 
Take Q = 1. M = '{£ . M1 = - (]) . 
j 
,, 
-16b2i 
Ml = (r /- wr1 /- w
2r 2 )
3 M1
1 = (r .f. w2r1 .f. wr 2 )
3 
W is one of the complex cube roots of unity. 
F(y) 
- ( y - M )( y - M1 ) = ( y - VD) ( y .j. V]5 ) 
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II 
lj 
I! I 
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; Ml /- M11 = 2r3 /- (A3 /- B3)r13 /- (A3 /- B3 )r2 3 /- (3A2 /- 3B2)rr121· 
I ~ .;. (3B2 .j. 3A2)r r 2 2 1- (3A 1- 3B)r2r 1 1- (3A 1- 3B)r2r 2 1- 12ABrrl.r2 li 
1\ ( 3 AB 2 1- 3 A '13 ) r 1 r 2 2 1- 3 A 2B 1- 3 AB 2 ) r 2r 12 • I 
II A3 = 1 B3 = 1 A2 = -1 - u i B2 - -1 1- _fi_i 
\' 2 2 2 2 
li AB = 1 AB2= -1 - f3 i A2B - -1 /- G} i l 
il 2 2 2 2 
~ M1 1- M11 = 2r3 1- ar13 1- 2r 22 - 3rr12 1- 3rr22 - 3r2r1 2 - 3r2r2 1 1 
12rr r - 3r r 2 - 3r 2r • j1 ! 12 12 12 I 
li ~ r3 = -a13 1- 3a1a2 - 3a3 1\ 
J! ~ r2r1 = -3a3 1- a1 a2. !I 
ll .<:rrlr2 = -a3 I 
!i M1 1- M1
1 
= -2a13 1- 6a1 a 2 - 6a3 - 9a3 1- 3a1 a 2 - 12a3 
I! 
= -2a1
3 1- 9~ a 2 - 27a3 
= 3i {3j) 
M = S£M) = -2a13 1- 9a1a 2 - 27a3 1- 31 V 3}) 
F (M) 2 
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tions.of Q. 
By previous theorem*** a group is a Galois group of the 
equation P(x) = 0 whenever: 
(A) Every function in R of the roots, which is a number 
in R, admits the substitutions of G, and 
(B) Every function in R of the roots, which admits the 
substitutions of G, is a number in R. 
As the group Q satisfies both these conditions, it is 
1 
the Galois group of P ( x) = 0 in the domain R(M). 
This reduction of the order of the Galois group from p 
to q was accomplished by the adjunction of M to R where M 
as previously stated**** is the root of an auxiliary equation 
of degree j. 
I. As an example of this take the equation x3 - 3x f 1 = o. 
' 
'I j; 
p 
1: 
ii 
:! il 
1: 
I 
I 
I 
II !I 
Given that the Galois group for this equation is G3
3 for R(l)" I 
S(y) = 0 M p 
G 3 
3 
G 3 
1 
3 y = D = 81 
*Page 58 
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Domain 
R(l) 
R ~r=;:::--(1, y)) ) 
I! II I 
\! 
II II 
'I 
ii ,, 
II 
II 
ll 
11 
1: 
I ~ 
I' 
II 
i: 
I 
\ 
I 
I 
o ~-"-~'-h ~~~~z .c~-c~ _ ,_.,~,-.-:.·"--''":---~-co. 
I' !l II. As another example take the equation x3 - 2 = 0. Given 
ll that the Galois group for this equation is G6 
3 for R(l) 
\1 M P S(y) = 0 Domain 
ii 
li 
H li li 
G 3 
6 
G 3 
3 y2 = D = -108 I !1 
!1 X= I~ 
G 3 
1 x3 = 2 x) I 
Here w and w2 represent one of the complex cube roots of uni ty.l 
In the first example, the cube root of the discriminant 
I 
1( 
\! of the original equation, the root of a pure cubic, was ad-
1! 
II 
I! 
ii 
joined to the domain which reduced the group from degree 3 to 
j; 
r 
degree 1. In the second example, the square root of the dis-
criminant, the root of a quadratic, was adjoined reducing the 
I 
i' degree of the group from 6 to 3. Then a function of the roots 
II 
r l! of the original equation was adjoined, which fnnction was the 
I' 
li root of a pure cubic. By this adjunction the degree of the 
I' 
II ll group was reduced from 3 to 1. 
j\ In both cases the degree of the auxiliary equations have 
i! 
ji been prime numbers. 
I! 
I! 
li Resolution of the Galois Resolvent 
II Let the Galois resolvent have a root r. If we perform 
li li upon this root r, the substitutions of the sub-group Q, we 
il get the following values: r, r 1 , r 2 , ---, rq-l• If upon these 
1: values, we perform substitutions of Q, we get only a permuta-
1: 
1 tion of the values of the r 1 s because this would mean that two 
If 
!: substitutions of the group Q had been performed upon the r and, 
,, 
I; -
li 
[: 
!, 
li 
i! ,, 
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I I! 
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!I by definition, the product of two substitutions of a group is 
li 
~; 
' / 
j one of the group. The value obtained from the twa substitutionT 
1 operated upon r will be the same as the value obtained by the I 
i i 1 substitution, the product of the two substitutions, operated 
II upon r. 
'I If we now write the function S(x,M):: (x- r)(x- r 1 )---
l I (x- rq_1 ), the coefficients of the x 1 s are unchanged as we I 
II. have shown above* by the substitutions of the sub-group Q· 
l
! coefficients of the x 1 s then are numbers in R(M) because by 
TheJ 
I previous theorem**, if any number in the Galois domain admits 
I the substitutions of the sub-group Q, it is a number in R(M). 
i The notation S(x,M:) simply designates a function of x in which 
the coefficients of the x' s are numbers in R (M). 
The function S(x,M) is a divisor of S(x), the Galois 
resolvent, for the former function is of degree q and the 
I latter of degree p and as previously stated***, p = qj. 
1 If we now perform a substitution of the Galois domain, 
I 
I 
I 
I' 
.I 
ll 
H ii 
II 
11 
II 
I but 
'I 
I 
II 
not of the sub-group Q, upon the values of r, we shall get 
1 These are also I 
of S(x) = 0 for they were obtained by a substitution of · 
I a new set of values as: s, s 11 s 2 , ---, sq-l• I 
i roots 
li 
·I the r oats performed upon the roots. 
I Now write the function S(x,M1 ) i 
: (x- s)(x- s1 ) ---
i(x-s 1). i q- The coefficients of the x 1 s now are numbers in 
i Ia 
11 
II 
II 
new domain, call it R(Ml), 
*Page 50 
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II 
I 
I, 
I 
I 
i 
li 'I I\ li 
~ I 
I' 
li 
As this equation also is only of degree q, it is a 
divisor of S(x) = o. 
By performing another substitution in the Galois group 
but not in Q upon the values of r, we can obtain another 
' 
factor of S(x) = 0. The number of factors will be equal to thel 
number of different substitutions in P not in Q, which number 
is equal to j because of the relation p • q(j). 
We have, therefore, S(x) = S(x,M).S(x,M1 )---S(x,Mj-l) 
where each factor belongs to a different domain. 
Adjunction of Any Irrationality 
I 
I 
I 
I 
If by the adjunction of any irrational X to R we obtain 
\: a domain R(X) in which the Galois resolvent S(x) = 0 becomes 
l: 
li a reducible equotion so that S (x,X);; (x- r)(x- r 1 ) --- j 
:: x- r 0_1) is an irreducible factor of S(x) in R(x) of the II 
I· degree q, then in this new domain the Galois group is reduced II 
I: to the sub-group 1, (u1 ), --, (rrq_1 ). Ji 
I II ~ Adjoin X to the domain R. As the Galois resolvent is a 
11 normal equPtion, each one of its roots can be expressed as a l 
i! function of one of its roots: that is, r 1 = f 1 (r). I 
~ In the equation s1 (x,X) ; (x- r)(x- rl)---(x- rq-1) ~~~ 
j! the coefficients of the x 1 s are the numbers in R(X) by our-
i I ! previous definition • of the notation S( x, M). Now replace x by 
11
1_ 
11 f 1 (x) in our equation, and we obtain the new equation . 
-- l! ~ - -- ---•p age €?3 - --- ------ --- -- --- --c -~,., o- '-'~c---c·-- -, ,_·c·-·=o·.-.o-~-~-----" I 
n 
I' 
I' 
i 
It 
II 
p 
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i 
L--
i 
I 
I 
!I 
1: 
!I 
As equation s1(x,X) is irreducible in R and s1 (x,X) and 
s1 [ fi (x) ,X] have a root, r, in common, then all the roots of 
s1 (x,X) satisfy s1 [ fi(x),x]. Let rk be a root of s1 (x,x). I 
Then putting x = rk must make one of the factors of s1 [ fi(x),~~ 
vanish. Let that factor be fi(rk)- rm. We have now the two I 
,I 
jl 
II 
11 !l form a group for !I 
the product of any two gives a substitution in the set. Call I, 
this sub-group l,(rr1 ), (rr2), ---, (rrq_1 ),Q. 
The equation s1 (x,X) is the Galois resolvent of P{x) = 0 
in the domain R(X)' because by hypothesis, it is irreducible 
in R(x)· Because of the relation stated previously* that 
R( ) - R( , where a, a1 , ---, an-l are the a, a1 , ---, ~-l r, 
roots of .p (x) = 0 and r is a root of the irreducible equation 
1: 
i! 
li 
" I! 
I\ ,, 
II 
I• 
II 
li 
I I I 
1
1 S1 (x,X).O 
I! 
and is a number in the Galois domain, then each II 
1/ 
II ll 
root of P(x) = 0 can be expressed as a function in R(X) of 
one root r of s1 (x,X) and one root of s1 (x,X) can be expressed li II d 
11 as a function in R{X) 
!I 
of the roots pf P(x) - o. Therefore, 
!! ·s1 ( x, X) = 0 satisfies the three properties of the Galois 
II resolvent and the Galois group of P(x) = 0 in R(X) will be 
I 
i *Page 12 
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I' 
II 
II 
!I j, 
!I 
II 
II 
l: 
'I 
l; 
\; 
I 
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--- T-~h:--;:::·we -~a~-e c~lled Q, which is the group of the resolvent\! 
l in R( X) • II ~ II_ 1, M a function of X 
I 
1 M can be expressed as a function in R of any irrational X J 
lj which reduces the Galois group to Q. 
1
j 
I In the previous function* sl (x,X) we have stated that the I 
1 :!~.- :::::i :: e::: ::b:g:::P n~~be :; : n P:~~~ 0:d t::::m::e ~;b ::::: 11 in the Galois domain which admits of the substitutions of the 
1) I. li sub-group, Q, is a number in R (M~ Therefore, the coefficients 1 
II of s1 ( x, X) are numbers in R(M). Hence, the coefficients of j 
d II I; the product (x- r)(x- r 1 )---(x- rq-l) are numbers in R(M) ori 
\j R(X) and, therefore, we may designate the function as Sl(x,X) J 
II or S(x,M). The following relation then holds true sl ( x, X) - I 
\1 S( x, M) • As previously stat ed• • •, M is a root of an irreducible !1 
I equation F(y) - 0 in R of degree j, and the other roots of thisl 
I 
I 
1 equation are M1 , M2, ---, Mj-l" We have also shown**** that 
the Galois resolvent can be resolved into factors S(x) = 
I S(x,M).S(x,M1 )---S(x,Mj_1 ). 
1 If we should substitute for M one of its conjugates in 
I• 
" i 
I 
I 
I 
ll 
II 
. ii 
i! 
Ji 
!l 
II 
I' 
II 
II 
ll II 
the equation S(x,M) = s1 (x,X), then S(x,U) = S(x,M1 ), and 
there would be two equal factors of S(x) which would be 
*Page 64 
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li I I! contrary to the hypothesis that S(x) is irreducible in R and 
li can have no equal roots. 
~ It is possible then to give to x a rational value so that 
li S(x,y)- s1 (x,X) = 0 and F(y) = 0 in which y is the tmknown 
/ quantity, have only one root in common, or, in other words, to 
find the Highest Common Factor of these two equations. 
Suppose the value of y is M or the Highest Common Factor 
is y - M. 
Since the coefficients of F(y) = 0 and S(x,y) = s1 (x,X) 
I are numbers in R(X) and since the process of finding the High- Ji 
I est Common Factor does not introduce any new irrational, then 1! 
11 I! 
jl the Highest Common Factor (y - M) is a ftmction in R( X). Theret 
II I' 
I fore, .M is a number in R( X) and is a ftmcti on in R of X. 1! li 
I 
,, 
From this theorem· we are led to the additional facts that II 
I (1) the domain R(ll) of degree j is a divisor of domain R(x) il 
I since every number in R( M) is a ftmction in R of x. ( 2) Also ~~ 
' the number X is a root of an irreducible equation of the same 
I
I 
degree as R(~) and, therefore, the degree of this irreducible 
I
I equation must be a multiple of the degree of the equation of 
I! which M is a root. (3) If X should be a ftmction in R of M, 
I 
! 
then the domain R(X) and R(M) would be identical. 
Solution of Equations According to the Galois Theory 
I' II 
I 
I 
I! 
ll 
In the Galois Theory the problem of solving the equation \1 
becomes the problem of finding the Galois group of the equation!! l! II 
II and then by the successive adjoinings of algebraic numbers to 
.! [_the domain R,_the Galois group __ is_reduced :to degree ___ l~. The 
I 
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li-!I 
II 
I• 
'I I; 
!\ 
I! 
II 
I 
algebraic values which are adjoined are roots of an auxiliary 
i 
' :1 equation whose degree is a factor of the degree of the Galois :1 
group. These roots are functions of the roots of the original I, 
equation P(x) = 0 and admit the substitutions of a sub-group II 
Vlhich is of the same degree as the auxiliary equation. The 
enlarged domain contains the roots of the original equation, 
and the values of the roots can be found in terms of the num-
:· bers which have been adjoined to the domain R. 
As an example, take the general quadratic equation 
x2 f. a1x f. a2 = o. The Galois group for this quadratic is G22. 
It has only one sub-group which is of degree 1 or the identical 
:! group 1. Let r and r1 be the roots of the quadratic and let M, 
il 
li 
II I 
I! 
li I 
! 
. the number to be adjoined, equal r - r 1 • This is a function of j 
the roots and admits of the substitutions of the sub-group 1. li 
Its conjugate M1 = r 1 - r. The auxiliary equation F(x) = 
'(x-M)(x- u1 ) = x
2
- r 2 /- 2rr1 - r 12 = 0, or x
2 = r 2 - 2rr1 /-
r12. Since r f. r 1 = -n1 and a12= r2 f. 2rr1 /- r 12, and a2 = 
'· rr 1• Therefore, x2 = r2 f. 2rr1 f. r 12 - 4rr1 = a1
2 
- 4a2, and 
., 
;' x - :t Va. .... - J.fCL • This is the value of M to be adjofuled to R. 
1l - I 2 
The new domain becomes R(Vc ) • a.,,_.-,.., a.... ... 
of the roots from the value of M. r f. r 1 = -a1; r - r 1 = 
Ua.,,...-J.-/Q.,,_, 2r = -al 1- \Jo..t-J.fCLl- and 2rl = -~- v~, .... -'fct,.._ 
The general cubic equation may be trea.ted in a similar 
manner. Assuming that the general cubic equation x3 f. a1x2 f. 
3 
= 0 has a Galois group equal to G6 for domain R, 
this group may be reduced to degree 1 by adjoining numbers to 
IJ 
! 
! 
il 
I 
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- I 
R. The first auxiliary equFJtion to be used is x2 = (r - r 1 )
2 I 
(r - r 2 )
2(r1 - r 2 )
2 in which the right-hand number is the 
product of the squares of the differences of all possible pairs 
of roots, or is equal to the discriminant of the equation. 
In the case of the above quadratic, the discriminant is a12 -i 
I 4a2 which was the right-hand number of our auxiliary equation 
. above. For each P(x) = 0, this is the first auxiliary equation 
I 
l,l bine general to be used, and the value of the discriminant can 
found in terms of the coefficients of the original equation 
I II 
1 which are related to the roots. For the cubic, the value of J 
I the discriminant is -27((}2 /- 4H3) where G = 27a3- 9ala2 1- 2~3 I~ and H = 3aa - al 2 • 27 'I  9 d 
'Ill Let D represent the value of the discriminant. Then :x = \1 ~~[ I r§ . By adjoining the Vl5 to R, the Galois group is reduced 
I 3 . 3 ~ II j from G6 to G3 • Now by adjoining the root of a pure cubic 11 
j equation whose roots are functions of the roots of the origina1JI 
I equFJtion, we can reduce the group from G3 
3 
to G1
3
• From the i'l 
I I I values adjoined to the domain, the roots of the original eaua- i 
I tion can be determined. Such a reduction of the group has been! 
! I 
l outlined in a previous problem* • \ 
i 
II The method of procedure for the quartic is similar to the 11 
l above two examples. The GBlois group in R for the general 
11 I quartic equation, x4 /- a1x3 /- a2x2 /- a3 x /- a4 = 0, is a24 
4
• 
! Thi 8 group may be reduced to G12 4 by adjoining '{I) to the 
1
\l 
II domain. The next value of !.! to be adjoined may be ( r - r 1 ) 
11 I *Page 61 !i 
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If the substitutions of the sub-group 1, (r1r 2r 3), 
(r1r 3r 2 ) are operated upon M, we get a cubic equation which 
reduces the group to G4
4
• Now adjoin r- r 1 f r 2 - r 3 and per-~ 
form the substitutions of the group 1, (rr1 )(r2r 3 ). We shall I 
have from this a quadratic equation and our group will be re- 1 
I 
to G 4 • 
2 
By adjoining one more value of M, v;e 
4 
can reduce the group to G1 • Let this function of the roots be 
I. r - r 1 and perform the substitutions of the group 1, ( rr1 ) upon 
11 
II 
i/ II 
II 
1\ 
! 
it. 
has bee~ In each case the degree of our auxiliary equations 
a prime number. Furthermore, the Galois group for the quadra-
tic was the group G 2 which is a cyclic group of the second 
2 
degree. Therefore, the quadratic equation is cyclic because 
r 
I 
a cyclic equ2tion is one whose Galois group is the cyclic groupt 
)I The Gala is group of the general cubic was G 6 
3 whi ell is not a 1: 
I 
I 
I 
i 
I 
l 
I 
I 
i 
I 
l 
I 
II 
II 
I! 
II 
·l'i 
,I 
li 
li 
cyclic group, and, therefore, the general cubic is not a cyclic 
equation in the domain defined by the coefficients. But by 
adjoining VJ) the group is reduced to G33 which is cyclic. I 
Therefore, the general cubic is a cyclic equation in the domain
1
\ 
in whichVJD has been adjoined to R. The general quartic equa-
tion is not a cyclic equation in the domain defined by its 
coefficients because its Galois group is G 4, but, if we ad-
24 
join a function which belongs to the cyclic group G4
4 I, the 
equAtion will be cyclic in the new domain. 
is of the form M 
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: n = 0, 1, 2, 3, 4, has a Galois group of degree nl which is I 
! reduced by the successive adjunction of a root of cyclic I 
J equations. of prime degree. 
i 
! 
THEOREM XXII 
Each root of a cyclic equation can be expressed as a 
function in R of any other root. 
P(x) 
If a, a1 , ---, an-l are the roots of the cyclic equation 
= 0, then the function in R of x of the (n-l)th degree 
F(x) = f(x) (.:i_ /- a2 1- ___ /- ___ a ____ ) admits the sub-
x-a x-a1 x-au-1 
stitutions of the cyclic group which is the Galois group for 
P(x) = 0 by the definition of a cyclic equation•. F(x), then, 
I 
II 
II 
,I 
II li i! 
I' 
:J \, is a number in R for by previous theorem•• every function in R li 
II 
of the roots of P(x) : 0, which admits the substitutions of 
the Galois group, is a number in R. 
Expanding the right-hand member of F(x) we get: F(x) = 
a1(x- a1 )(x- a2 )---(x- an_1 ) /- --- /- a(x- a)(x- a1 ) ---
(x- an_2). Now let x = a. F(a) = ~(a- a1 )(a- a2 ) ---
a- ~-i). By differentiation f 1 (a) = (a- a1 )(a- a2) 
1 
a- an_1 ). We then have F(a) = a1f (a) or a1 = Ffa) • 
can be shown that a = F(al) , ---, f (a) 
2 fl(al) 
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THEOREM XXIII 
rr=----·--
li 
i1 
!I 
\j 
II 
If the group G of an equation P(x) = 0 is reduced by 
the adjunction of a root of a cyclic equation of the prime 
II li 
i1 degree m, then the group G has a normal sub-group whose index li, 
II 
I! is t_he prime number m. II 
II \I 
I! Let P (x) = 0 be reducible or irreducible. Let h( x) : 0 1 
ii 1~ 
li be a cyclic equation of degree m, a prime number, and assume il 
\i that the adjunction of one of the roots of h(x) = 0 reduces the II 
li Galois group G to one of its sub-groups Q. Let the roots of 1\ 
II r 
I' h(x) = 0 be x, xl' Xz, --, xm-1· As h(x) = 0 is a cyclic I! 
r equation, all its roots can be e .xpressed as a function in R II 
II '·II li 
Jj of one of them. If G is the group of P (x) = 0 in R, then Q II 
is the group of P(x) = 0 in R(x)• 11 
By previous proof• the degree of h(x) = 0 is a multiple \1 
Since m by supposition li of j, the index of the group Q under G. 
is a prime number, and j is greater than 1, m. j. 
Let M be a function in R of the roots of P(x) = 0 and 
lj 
I: 
jl 
\i a number in the sub-group 9.· By previous theorem** .M is a !I 
i1 )I 
1\ function of x. In this same theorem***, we found that the !I 
11 t,l 1\ 
it domain R is a. divisor of R( X). The degree of R(X) is prime 1
1
_'
1
, 
ji (M) 
:l because it is of the same degree as the equation of which X is \J 
:: !I 
I' !I 
1: a root. Then R(l,r) • R(x)· Therefore, M is a function of X in li 
ii I ~~-li 
,; R, and X is a function of M in R, and they both admit the same \! 
il substitutions. They both then belong to the same group Q• il 
l· li i: II i! 
I! 
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'I I 
Perfo~m the substitutions of the Galois group G on X, and 
I 
I 
I 
I 
I 
ll' 
I 
II 
II 
I 
1 1 
we obtain the following values of X: X, x1 , ---, X m-1· 
These by previous theorem• are the roots of an irreducible 
equation. This equation must be h(x) = 0 because, by previous 
theorem**, if P(x) = 0 and F(x) = 0 are equations in R, and if 
P(x) = 0 is irreducible in R and has one root which satisfies 
F(x) = 0, then all its roots satisfy F(~) = 0. X is the root 
in common. Therefore, the values X, x1 , x2, ---, Xm-l and X, 
1 1 x1 , ---, X m-l are equal. 
Let s be the substitution in G which changes X to x1 • 
tiona of Q leave X unchanged. The substitution s will change 
X to x1 • But X and x1 are roots of a cyclic equation: there-
fore, x1 is a function of X in R, and X is a function of X1 in 
R. X and x1 then must belong to the same group Q or Q = Q1 • 
As the. same method of reasoning may be used with X and 
the other roots x2, ---, Xm-1' it can be shown that Q is equal 1!/: 
to all its other conjugate sub-groups. Therefore, Q is the 
II 
1 
normal sub-group of G and of prime degree m. 
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of Solvability . . II 
a given algebraic equation be solvable it is necessary 
Criterion 
and sufficient that there exist a series of groups G, Gl' G2, 
I 
---, 1, the first of which is the Galois group of the equation 
Definition 
. P(x) = 0 is reduced by the adjunction of a root of a cyclic 
equation of prime degree, then the group G has a normal sub-
group whose index is the prime number m. Suppose this sub-
I· 
\! group is a1 • If G1 is 1, then G has no sub-group except 1, 
1 J! and G must be a cyclic grou~, and the given equation is cyclic •. 
~If G1 is not 1, then the same reasoning is applied to G1 as wasl ~ : j 
li applied to G, and G1 must have a normal sub-group G2• We con- 1 
1
1:': tinue in this manner until the identical group 1 is reached. 11 
I' If the series of groups G, G1 , ---, 1 exist, certain roots I 
I' of equations were adjoined to the Galois domain to bring about 1 
j, such a series. We have shov-m previously** that the square root~~ 
lj of the discriminant is the first element adjoined. This is a I 
~j II jl 
1: root of a binomial equation, and the solution of a binomial ii 
i. li 
j: equation may be reduced to the solution of a series of cyclic 11 
j: *Page 72 - Theorem XXIII II 
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11 equa.tions of prime degree. The next element that would be 
~I 
i adjoined to reduce this group to the next lovrer group may also 
I
I be found to be the root of a binomial equation. We would con-
I 
J tinue adjoining the roots of such equations until the group 1 
1 was reached. I I A general equation P(x) = 0 is solvable when its solution 
, can be made to depend upon the solution of cyclic equations of 
II prime degree. As the roots of the general equation depend 
I\ the roots of the binomial equations, the equation will be 
l11 , solvable when the groups exist. 
I 
i By previous proof* the Galois group of the generol equa-
,! 
I 
1 tion of the nth degree is the symmetric group of the i 
I i The symmetric group has always the alternating group 
\ group. Since the sqaure root of the discriminant of an equa-
l! tion of the nth degree is equal to the alternating fl.lllction of 
II the roots, this function belongs to the alternating group of 
li the nth degree. By adjoining the square root of the di scrim-
~~~ inant the Galois group becomes the alternating group in the 
! new domain. When the degree of the Galois group is greater 
i 
I 
i 
I 
! 
\\ 
than four, it may be sho~n that the alternating group has no 
normal sub-group of prime index. 
TIEOREM XXIV 
An alternating group of higher degree than the fourth 
no normal sub-group of prime index. 
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As previously stated* all substitutions of an alternating 
group are even. Furthermore, even substitutions may be ex-
il, 
1; pressed as the product of cycles of three elements. Take the 
tj 
I substitution (1 2 )(1 3). It is equivalent to (123). As 
i 
IJ another example, take the substitution (1 2 )(3 4) which is 
li equivalent to (134)(132). I 
II 
1
1
1 Ji If 1, 2, 3, 4, x, y, z, u, are the elements of an 
1
JI, 
1
1 !l alternating group, we shall first show that any cycle of three 1
1 
1: I 
ji of these elements can be transformed into any other three in 11 
I! 'I 
11 the group as (123) shall be transformed into (xyz). The sub- j 
I
I! I 
j stitution s - ll 2 3 4) will do this in which 1 is to be re- ~ 
1! placed by x, 2 ~YY y ~ ~ by z, and 4 by u, because s-1 (123) s = I 
I' (xyz) where the inverse of s will give the arrangement 1 2 3 4. i 
!: The substitution (1 2 3) performed upon this will give 2 3 1 4.1i 
/:, Now perform the substitution s upon this, and we get yzx which (I 
II 
t1
1
i.' would be the result obtained from the substitution (~yz). 1i 
li [i That s is a substitution in the alternating group may be seen j 
1
1 
because s may be written (12y) (12x) (34u) (34z) which is an 
/! even substitution. 
11 
li 
II 
i! 
Now let Q be a normal sub-group of the alternating group 
except substitutionl, and let s1 be any substitution of this 
group and s any substitution of the alternating group. By 
the property of normal sub-groups previously defined** s-ls1s j: 
i! is a substitution in Q. 
H 
I! 
I, 
r 
1: 
li 
il 
II 
11 
II 
II 
'I 
If s 1 consists 
*Pe.ge 9 
of a cycle of three elements, we can by 
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j\proper choice of s in s-ls1 s transform s1 into any other 
IJ 
1\ cycle of three elements. Q must then contain all cyclic sub-
/! sti tutions of three elements when it contains one, and, there-
jl -1 1 !I fore, must be the alternating group. Since s 1 and s- s1 s 
li are both substitutions in Q, their product by definition* o:f 
II ,, 
1\ a group is a substitution in Q. We shall now show that when-
/lever the degree of the equation is greater than :four, this 
\\substitution will represent a cycle of three elements, and, 
II !!therefore, Q must be identical with the alternating group. 
II Case 1. Let s1 have a cycle (123---m) which contains 
~ -1 -1 ilmore than three elements. Let s a (123). Then s1 s s1 = 
jjs1- 1 (132)s = (243). Now multiplying the result by (123), 
\';we get ( 124). Therefore, our product contains a cycle of 
'I 
lithree elements, and Q must be identical with the alternating 
I\ group. 
i! 
1\ Case 2. Let substitution s 1 consist of two cycles, each 
II ~of which has three elements, as (123)(456). Take s = (134), 
!1 -1 -1 1 !it hen s 1 s s 1 = s 1- (314) s 1 • (125). Now multiplying the il 
J1result by (134), we get (12534). This substitution has more 
il l:than three elements in it and comes under Case 1. Therefore, 
p 
tl 
!\there is no normal sub-group of the alternating group con-
;; . 
/!taining a substitution of the form ( 123) ( 456). 
li 
\\ Case 3. Let s1 consist now of two cycles, one of which 
!lcontains three elements and the other two, as (123)(45). Let 
l 
1:s = (124). Then s1-1 s-1~ = 81- 1 (214) 8 1 = (235). Now multi-
!: 
I' 
•: 
i· 
li • Page 5 
I 
I 
I 
I 
I 
I 
li 
I 
II 
ll II 
I! 
i! 
II II 
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II 
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\!plying the result by (124), we get the result, (21435). This 
~) 
II case also comes under Case 1. Hence, there is no normal sub-
,, 
ij group containing s 1 = ( 123) (45) I· 
II Case 4. Let s1 consist of three transpositions as (12) 
1: 
il ( 34 ) ( 56 ) • -1 -1 -1 1 Let s = (135). Now s 1 8 s 1 = s 1 (315) s 1 = {624}. li 
\i The product (624)(135) comes under Case 2, and therefore, I 
1\ there is no normal sub-group containing a substitution of the 
~~~form s 1 = (12)(34)(56). 
I Case 5. Let s 1 consist of two transpositions and an II ~ i 
li invariant element, as (12) (34) (5). 
li -1 -1 -1 ) il sl s sl = sl (215) sl = (215 • 
!i 
Let s = (125). Then 
The product (215)(125) = 
li ( 512). 
,, 
Here the normal sub-group must coincide again with 
IJ 
11 the alternating group. 
!i 
I! 
•I 
I 
ji 
The above cases consider all the cases possible when n is 
!i greater than four. Now consider what arises. when n = 4. Let 
c -1 -1 
ii s1 = ( 12) ( 34) and s = ( 123). Then s 1 8 8 1 = ( 143). The 
li 
![product of (143)(123).= (14)(34), and we do not get a cycle of jl 
!I 
/!three elements. Now let s 1 = (12)(34) and s = (132). Then 
J[s1-ls-
1
s 1 = (243). The product of (243)(132) = (24){13), and 
:, 
!i\Ve do not get cycle of three elements. Again let s1 = (12) 
ii -1 -1 Jl(34) and 8 = (243). Then s 1 s s 1 = (124). The product of ,; jl ~(124)(243) = (14)(23). Again we fail to get a cycle ·of three 
II fi 
tielements. 
4 
Therefore, the alternating group of G12 has a 
11 . 
!!normal sub-group. 
li li 
I' 
,! The order of the alternating group of the nth degree is 
I 
I' 
I 
l 
I 
'I 
I 
I ! 
11 the 
I 
: 
I 
·\j=~=-= 
I 
identical group 1. 
The general equations of higher degree than the fourth 
I 
then do not satisfy the conditions of solvability. But special I 
/i equations of higher degree 
11 is not the symmetric group 
l 
than the fourth whose Galois group 
or alternating group may have the 
1 required normal sub-groups of prime index, and, therefore, 
I 
j solvable by radicals. 
lj These results may be used in showing the impossibility of 
t 
! some ruler and compass constructions. Whatever we can draw 
I 
I (with ruler and compasses only can be represented algebraically II 
I I I by a finite number of additions, subtractions, multiplications, I: 
J1 divisions and square roots. If we represent by an equation 
1
1 the problem of doubling a cube, we get the relation x3 = 2. 
I ! We have shown previously* in this paper that to the Galois grourf, 
I 'I I of this equation a square root and a cube root must be adjoinedj' 
1 
Since a cube root cannot be constructed by ruler and compasses, I! 
'1 this problem cannot be solved by these means. . If next we should 
Ill I set about to find an equation that would represent the trisec-
. l tion of an angle, we shall get a cubic equation of the form x3 I 
I
I,- 3x /-
3
A1 == 0. To show this, use the trigonometric identity I 
II 2 cos 8 cos3 A - 6 cos A and let x = 2 cos A and A = 120°. I 
1/ Then the equation becomes x3 - 3x /- 1 = 0. The Galois group \ 
I 3 I l for this equation is G and can be reduced only by the adjunc- 1 
I 3 I 
I I 
1i tion of a cube root. As this construction is impossible by 1 
11 I 
ji ruler and compg.ss, the problem of trisecting an angle is im- i 
II I 
/Jpossible. i 
lj i 
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i 
I Before a study of the Galois theory and its application to 
jl 
r the solution of equations can be made' it is necessary to under 
j stand substitutions and substitution-groups. Therefore, this 
II paper begins with substitutions and their properties. The 
II 
II different kinds of substitutions have first been discussed and 
II 
!\ also the different kinds of substitution-groups. 
II 
II After the discussion about groups, we can then proceed to I• 
II 
j! the study of the Galois domain. It is proved that this domain 
,, 
'I 
ll is a normal domain which simplifies the work considerably, 
\1 because according to the first discussion of the Galois domain, 
ll 
11 severnl elements must be adjoined to the rational domain. But, 
II 
l ~
1
1 as the domain is a normal domain, the number of these elements 
'I 
!l 
:, to be adjoined is reduced. A problem is included to illustrate 
l! 
!: this principle. 
ii 
In our discussion of the Galois domain, we employ an aux-
i 
ji iliary equation ·which is now termed the Galois resolvent. Vie 
~ t 
ll .,. t th t ~u1scover proper ies a 
,I 
this resolvent possesses, and illustra-
li ii ti ve problems are included. 
\\ 
II It 
The substitution theory previously studied is now used. 
\\Substitutions of the form (H Nk) are performed upon the roots 
II 
!iof a normal equation, where N, a root, is a primitive number 
li 
i[of the normal domain,and Uk is a conjugate of N. Such substitu-
1' 
j
1
tiohs as (N Nk) are called substitutions of the domain , and 
\!to the substitutions of the domain there correspond substi tu-
H 
ttions of the roots. 
i: il 
!• 
~~~"~-~-r-~·~--~=-" 
li i! il 
II 
1! 
'• 
The group of these latter substitutions 
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I[ is cal~ed the -Galois group of the given equation. Problems 
li have been included in which the Galois group of the equations 
li has been found. II 
I! If .we novr apply these substitutions of the Galois group 
·I [ito a function of the roots which will be unchanged by the sub-
l! sti tutions, the function is a number in the rational domain. 
1/ Also, every function in the rational domain which equals a 
li 
i! 
II number in the rational domain is unchanged by the 
1: 
I 
1; of the Galois group. 
il We next prove two hypotheses for determining when a group 
substitutions i 
II 
li 
i! 
' 
i! 
11 is a Galois group of the equation P(x) = o. Then fror.1 these ,: 
~.hypotheses, it can be determined whether the Galois group of II 
II!.· our equation is reducible or irreducible. If the Galois group r 
[I liis transitive, the equation is irreducible; if it is intransi- :! 
I! tive, the equation is reducible. And a still more important 
!: fact about our Galois group is that the symmetric group of the 
I! •: i!nth degree is the Galois group of the general equation P(x) : !I 0 li 
'I 
1: of th·e nth degree in the rational domain. 
li 
n 
I• 
I' 
I' ii 
If we now have a function, M in R, of the roots of our li 
j) 
equation P(x) = 0, which is a number in R, and if this function !l 
should belong to a sub-group of the symmetric group, the Galois li 
I• 
group is either this sub-group or one of its sub-groups. After li li 
a complete discussion of this theorem, examples are included 
to illustrate its application. If upon this function, M, the 
substitutions of the Galois group are operated, we obtain 
ji 
II j, 
[: 
!: 
different values of 11: which are roots of an irreducible equation'~ 
I' I, 
i -,._-;-.:::.-:-__,..,.-·-·:-· ;-::"!"--:-_c.::.=:;-;-:-_::_--:~--:::· '--:-·-::--..,---:---:---:-"l' 
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illfow any number in the Galois domain which is unchanged by--the J 
/1 substitutions of the sub-group to which M belongs is a number J. I in the domain R( M) • This property i s illustrated by the genera I 
!I equation of the second and third degree. The number used is a jl ~ I 
! function of the roots of the equation. 
We are now able to reduce our Galois group from the order 
· first determined to one of lower order by adjoining to R a il 
11 f t• il unc J.on, M, mentioned above. Furthermore, instead of ad-
i1 
;! joining H to R, the adjunction of any irrationality will reduce 
.I 
// the group. In both cases M and the irrational! ty are roots 
.I 
Jl of irreducible equations, and these equations must be of prime 
;I 
1i degree. 
,, 
il 
~~ 
I• 
., 
We are now ready to attack the problem of solving an 
!I equation by the Galois theory. The method of procedure is 
il outlined for the general equations of the second, third and 
il fourth degree. The Galois group is first determined, and then 
1
1 
the discriminant of the given equation is adjoined to the 
I domain. In the case of the second degree equation, this re-
I 
II duces the order to 1. In the case of the third and fourth 
I! degree equations, functions of the roots of auxiliary equations! 
By the successive adjoining II 
I 
! 
1 of prime degree must be adjoined. 
l 
II of these functions, the group is reduced to the group of order 
I 1. From 
i 
the functions adjoined, the roots of our original 
Our auxiliary equations, used· in finding the roots to be 
adjoined, are also cyclic equations. Then we prove that, if 
I 
I 
i 
i 
I 
I 
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I 
I 
the Galois group is reduced by the adjunction of a root of 
l! 
:I 
a cyclic equation of prime degree, the Galois group has a sub-
!I group of prime index. 
::~~~ Our criterion of solvability is then that an equation is 
solvable, if there exists a series of groups, the first of 
;I 
II 
~~which is the Galois group and the last the identical 
I Each group is a normal sub-group of the preceding. 
group. 
!! 
:I 
., 
il 
il 
•I 
" !i 
!I 
:I I! 
!I 
!I As stated above the discriminant of the equation is the :1 
!I 
first function to be adjoined, and this function belongs to the :1 
:1 'i 
ll alternating group. We then discover that for equations of ,I 
!i higher degree than the fourth, there is no normal sub-group of !J 
:; prime index. Therefore, as our criterion of solvability cannot !I 
1
1 be met, the general equation of degree higher than the fourth i! 
lj ' 
q :! 
li cannot be solved. But there are special equations of degree :I 
!i :i 
j I • ~I 
:1 h1gher than the fourth whose Galois groups are not the symmetric 
:j :1 
[
1 
or alternating groups that may have normal sub-groups of prime ,! 
I index and may be solved.· I 
: These results have been applied to showing that the il 
i ii 
F d 
11 doubling of a cube, squaring of a circle and trisecting of an !I 
11 !I 
II angle is impossible. ~~ 
il !i 
1! II 
Jj Conclusion :l 
I! 
!! This paper has shown in just a small part what it is 
:i 
:\possible to do with groups. The theory of groups is now 
ii applicable to both algebra a«d geometry. It shows that 
!l 
:I 
ii certain condi tiona existing in one 'field will be greatly 
1f 
II 
~ 
!I 
'I ;; 
,, 
I !: 
., 
'I li 
:i 
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changed by enlarging the field. Mathematics is not limited 
to a hard set of rules and definitions but must abide by the 
rules governing the field in which the work is done. Thus 
we may conclude that a slight change in the conditions may 
cause a great change in the result • 
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